Geometric theta-lifting for the dual pair S0 2m , §p 2n 

Sergey Lysenko 

Abstract Let X be a smooth projective curve over an algebraically closed field of char- 
acteristic > 2. Consider the dual pair H = S0 2m ,G = §P 2n over X with H split. Write 
Bung and Bun# for the stacks of G-torsors and ff-torsors on X . The theta- kernel AxAg,h on 
Bung x Bun# yields theta-lifting functors Fq ■ D(Bunjj) — > D(Bunc) and Fjj : D(Bunc) — > 
D(Bun^f) between the corresponding derived categories. We describe the relation of these 
functors with Hecke operators. 

In two particular cases these functors realize the geometric Langlands functoriality for 
the above pair (in the non ramified case). Namely, we show that for n = m the functor 
Fq '■ D(Bun#) — > D(Bunc) commutes with Hecke operators with respect to the inclusion 
of the Langlands dual groups H ^> S0 2n c -t S0 2n+1 — For m = n + 1 we show that 
the functor Fjj ■ D(BunG) — > D(Bunjj) commutes with Hecke operators with respect to the 
inclusion of the Langlands dual groups G^? S0 2n+ i S0 2 , i+2 ~^H. 

In other cases the relation is more complicated and involves the SL 2 of Arthur. As a step 
of the proof, we establish the geometric theta-lifting for the dual pair GL m , GL„ . Our global 
results are derived from the corresponding local ones, which provide a geometric analog of a 
theorem of Rallis. 

1. Introduction 

1.1 The Howe correspondence for dual reductive pairs is known to realize the Langlands func- 
toriality in some particular cases (cf. [26], pQ, [E]). In this paper, which is a continuation 
of [H], we depelop a similar geometric theory for the dual reductive pairs (Sp 2 „,S0 2m ) and 
(GL n ,GL m ). We consider only the everywhere unramified case. 

Recall the classical construction of the theta-lifting operators. Let X be a smooth projective 
geometrically connected curve over k = ¥ q . Let F = k(X), A be the adeles ring of X, O be the 
integer adeles. Let G, H be split connected reductive groups over ¥ q that form a dual pair inside 
some symplectic group Sp 2r - Assume that the metaplectic covering §>p 2r (A) — > Sp 2r (A) splits 
over G(A) x H(A). Let S be the corresponding Weil representation of G(A) x H(A). A choice of 
a theta-functional : S — > yields a morphism of modules over the global non ramified Hecke 
algebras Hq <H> T~Lh 

s (Gxh)(o) ^ Funct (( G x H)(F)\(G x H)(A)/(G x H){0)) 

sending <p to the function (g,h) i— >■ 9((g,h)4>). The space g^*^ ) has a distinguished non 
ramified vector, its image (f>o under the above map is the classical theta-function. Viewing 4>q 
as a kernel of integral operators, one gets the classical theta-lifting operators 

F G : Funct(H(F)\H{A)/H{0)) -> Funct(G(F)\G(A)/G((9)) 
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and 

F H : Funct(G(F)\G(A)/G(C)) -> Funct{H (F)\H (A) / H (O)) 

For the dual pairs (§p 2n , SQ 2m ) and (GL„,GL m ) these operators realize the Langlands functo- 
riality between the corresponding automorphic representations (as we will see below, its precise 
formulation involves the SL 2 of Arthur). We establish a geometric analog of this phenomenon. 

Recall that ®' x ^x &x is the restricted tensor product of local Weil representations of 
G(F X ) x H(F X ). Here F x denotes the completion of F at x € X. The above functoriality in the 
classical case is a consequence of a local result describing the space of invariants gG(Ox)xH(G x ) 
as a module over the tensor product x 1~Lg ® xHh of local (non ramified) Hecke algebras. In 
the geomeric setting the main step is also to prove a local analog of this and then derive the 
global functoriality. The proof of this local result due to Rallis (|26j) does not geometrise in 
an obvious way, as it makes essential use of functions with infinite-dimensional support. Their 
geometric counterparts should be perverse sheaves, however the notion of a perverse sheaf with 
infinite-dimensional support is not known. We get around this difficulty using inductive systems 
of perverse sheaves rather then perverse sheaves themselves. 

Let us underline the following phenomenon in the proof that we find striking. Let G = §p 2n , 
H = S0 2m . The Langlands dual groups are G —> S0 2n+1 and H — > S0 2m over Q^. Write 
Rep(G) for the category of finite-dimensional representations of G over (Q)g, and similarly for H. 
There will be ind-schemes Yh,Yg over k and fully faithful functors fjj '■ Kep(H) — > P(Yjj) and 
fa '■ Rep(G) — > P(Yg) taking values in the categories of perverse sheaves (pure of weight zero) 
on Yfj (resp., Yq) with the following properties. Extend fjj to a functor 

f H ■ Rep(tf x G m ) -> ® l£Z P(Y H )[i] C B(Y H ) 

as follows. If V is a representation of H and I is the standard representation of G m then 
Jh{V ^ (I® 1 )) fii(V)[i] is placed in perverse cohomological degree —i. For n > m there will 
be a ind-proper map it : Yq — > Yh such that the following diagram is 2-commutative 

Rep(G) H P(Y G ) 

J. Res" J. 7T| 

Rep{HxG m ) H ® ie zP(Y H )[i\ 

for some homomorphism k : Hx G m — > G. For n = m the restriction of k to G m is trivial, so tti/g 
takes values in the category of perverse sheaves in this case. Both fc and /# send an irreducible 
representation to an irreducible perverse sheaf. So, for V £ Rep((5) the decomposition of 
Res K (y) into irreducible ones can be seen via the decomposition theorem of Beilinson, Bernstein 
and Deligne ([2]). Actually here it : H(K) x Grc n(i^) is the projection, where K = k((t)), 
II is a finite-dimensional fc-vector space, and Gr^ is the affine grassmanian for G. There will 
also be an analog of the above result for n < m (and also for the dual pair GL n , GL m ). 

The above phenomenon is a part of our main local results (Proposition 4 in Section 5.1, 
Theorem 7 in Section 6.2). They provide a geometric analog of the local theta correspondence 
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for these dual pairs. The key technical tools in the proof are the weak geometric analogs of the 
J acquet functors (cf. Section 4.7). 

1.2 In the global setting let f2 denote the canonical line bundle on X. Let G be the group scheme 
over X of automorphisms of C^©O n preserving the natural symplectic form A 2 (C^©O n ) — > £1. 
Let H = SQ 2m . Write Bun# for the stack of ii-torsors on X, similarly for G. Using the 
construction from [22] , we introduce a geometric analog Autc,H of the above function </>o, this is 
an object of the derived category of £-adic sheaves on Bun^ x Bun#. It yields the theta-lifting 
functors 

Fq : D(Bun H ) -> D(Bun G ) 

and 

F H : D(Bun G ) ->■ D(Bun H ) 

between the corresponding derived categories. Our mains global results for the pair (G, H) 
are Theorems [3] and [3J describing the relation between the theta-lifting functors and the Hecke 
functors on Bung and Bun//. They agree with the conjectures of Adams ([I]). One of the 
advantages of the geometric setting compared to the classical one is that the SL2 of Arthur 
appears naturally. 

An essential difficulty in the proof was the fact that the complex Autc,H is not perverse (it has 
infinitely many perverse cohomologies) , it is not even a direct sum of its perverse cohomologies 
(cf. Section 8.3). 

We also establish the global theta-lifting for the dual pair (GL n ,GL m ) (cf. TheoremE]). 

1.3 Let us briefly discuss how the paper is organized. Our main results are collected in Section 2. 
In Section 3 we remind some constructions at the level of functions, which we have in mind for 
geometrization. 

In Section 4 we develop a geometric theory for the following classical objects. Let K = ¥ q ({t)) 
and O = F ? [[t]]. Given a reductive group G over ¥ q and a finite dimensional representation M, 
the space of invariants in the Schwarz space S(M(K)) G ^ is a module over the non ramified 
Hecke algebra He- We introduce the geometric analogs of the Fourier transform on this space 
and (some weak analogs) of the Jacquet functors. A way to relate this with the global case is 
proposed in Section 4.6. 

In Section 5 we develop the local theta correspondence for the dual pair (GL„, GL m ). The 
key ingredients here are decomposition theorem from [2], the dimension estimates from [23] and 
hyperbolic localization results from [3J. 

In Section 6 we develop the local theta correspondence for the dual pair (§p 2n ,S0 2m ). In 
addition to the above tools, we use the classical result (Proposition [2]) in the proof of our 
Proposition [71 

In Section 7 we derive the global theta-lifting results for the dual pair (GL ri ,GL. m ). 

In Section 8 we prove our main global results (Theorems [3] and H]) about theta-lifting for 
the dual pair (§>p 2n , S0 2m ). The relation between the local theory and the theta-kernel AutG.H 
comes from the results of |18j . In that paper we have introduced a scheme Cd{M(F x )) of 
discrete lagrangian lattices in a symplectic Tate space M(F X ) and a certain /i 2 -gerb Cd{M(F x )) 
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over it. The complex Auta,H on Bun^^ comes from the stack Cd{M{F x )) simply as the inverse 
image. The key observation is that it is much easier to prove the Hecke property of KvXg,h on 
Cd(M(F x )), because over the latter stack it is perverse. 

Acknowledgements. I am very grateful to Vincent Lafforgue for stimulating discussions which 
we have regularly for about last two years. They have contributed to this paper. He has also 
read the first version of the manuscript and indicated several mistakes. I also thank Alexander 
Br aver man for nice discussions. Most of this work was realized in the University Paris 6 and 
the final part in the Institute for Advanced Study (Princeton), where the author was supported 
by NSF grant No. DMS-0111298. 

2. Main results 

2.1 Notation Let k be an algebraically closed field of characteristic p > 2 (except in Section 3, 
where k = ¥ q ). All the schemes (or stacks) we consider are defined over k. 

Let X be a smooth projective connected curve. Set F = k{X). For a closed point x G X 
write F x for the completion of F at x, let O x C F x be the ring of integers. Let D x = SpecO x 
denotes the disc around x. Write $7 for the canonical line bundle on X. 

Fix a prime £ ^ p. For a fc-stack S locally of finite type write ~D(S) for the category 
introduced in ([IH], Remark 3.21) and denoted D c (5', Q^) in loc.cit. It should be thought of as 
the unbounded derived category of constructible (Q^-sheaves on S. For * = +,—, b we have the 
full triangulated subcategory D*(5) C D(5) denoted D*(S, Q e ) in loc.cit. Write D*(S)\ C D*(5) 
for the full subcategory of objects which are extensions by zero from some open substack of 
finite type. Write D^(S) C D(£) for the full subcategory of complexes K G D(S') such that for 
any open substack U C S of finite type we have K \u£ T>~(U). Write D : D 6 (5) -)• D 6 (S) for 
the Verdier duality functor. 

Write P (5) C D^(5) for the full subcategory of perverse sheaves. Set DP (S) = © 1 - e zP(£ r )[i] C 
DOS). For K, K' G P(S), i, j G Z we define 

Write P SS (S) C P(S) for the full subcategory of semi-simple perverse sheaves. Let DP SS (5') C 
DP (5) be the full subcategory of objects of the form © ieZ K^i] with Ki G P SS (S) for all i. 

Fix a nontrivial character ip : ¥ p — > and denote by the corresponding Artin-Shreier 
sheaf on A . Since we are working over an algebraically closed field, we systematically ignore 
Tate twists (except in Sections 6.3-6.4). For a morphism of stacks / : Y — > Z we denote by 
dim. rel(/) the function of a connected component C of Y given by dim (7 — dimC", where C is 
the connected component of Z containing /(C). 

If V — > S and V* — > S are dual rank r vector bundles over a stack S, we normalize the Fourier 
transform Four^, : ~D b (V) — > D b (V*) by Fom^(K) = (pv*)\(£* £><4i ® PvK)[r], where pv,Pv* are 
the projections, and £ : V Xg V* — > A 1 is the pairing. 

Write Brnifc for the stack of rank k vector bundles on X. For k = 1 we also write Pic A 
for the Picard stack Buni of X. We have a line bundle Ak on Bun^ with fibre detRr(A, V) 
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at V £ Bunfc. View it as a Z/2Z-graded placed in degree x(X) m od 2. Our conventions about 
Z/2Z-grading are those of ([22], 3.1). 

For a sheaf of groups G on a scheme S, F G denotes the trivial G-torsor on S. For a 
representation V of G and a G-torsor .7~ G on S we write Vj- G = V x G Fg for the induced vector 
bundle on S. 

If H is an algebraic group of finite type and pure dimension, assume given a scheme Z with 
an action of H and an .ff-torsor J-jy over a scheme Y. Then to S G ~D~(Z/H), K G D~(Y) 
one associates their twisted external product IT K15 G D(.Ff/ x H Z) defined by -fT E3«S = p*K (g> 
q*S[dimH], where Y A J 7 // x H Z A Z/iJ are the projections. Here Z/H is the stack quotient. 

2.2.1 Hecke operators For a connected reductive group G over k, let % G be the Hecke stack 
classifying (x, Fg, F g ,/3), where Fq, F' g are G-torsors on X, x G X and /3 : Fg \x-x ~$ F' G \x-x 
is an isomorphism. We have a diagram of projections 

supp xht7 h7? 

X x Bun G <- G H G 4 Bun G , 

where h G (resp., h G , supp) sends the above collection to Fg (resp., F G , x). Write x 1-Lg for the 
fibre of Tic over 

Let T C B C G be a maximal torus and Borel subgroup, we write A G (resp., A G ) for the 
coweights (resp., weights) lattice of G. Let (resp., A^) denote the set of dominant coweights 
(resp., dominant weights) of G. Write pc (resp., pc) for the half sum of the positive roots (resp., 
coroots) of G, wq for the longest element of the Weyl group of G. For A G Aq we write V A for 
the corresponding Weyl G-module. 

For x G X we write Gig,x for the affine grassmanian G(F x )/G(O x ) (cf. [5J, Section 3.2 for 
a detailed discussion). It can be seen as an ind-scheme classifying a G-torsor Fg on X together 
with a trivialization /3 : .F G \x-x ~^^g \x-x over AT — x. For A G let Gr Ga . C Gr G)IE be 
the closed subscheme classifying (Fg,P) for which Vjro(—(X,X)x) C Vjr Q for every G-module U 

whose weights are < A. The unique dense open G(0a;)-orbit in Gi Gx is denoted Gr G . 

Let A G denote the intersection cohomology sheaf of Gr G . Write G for the Langlands dual 
group to G over Qg. Write Sph G for the category of G(O x )-equi variant perverse sheaves on Gtg, x - 
By ([23J), this is a tensor category, and there is a canonical equivalence of tensor categories 
Loc : Rep(G)^ Sph G , where Rep(G) is the category of G-representations over Qg. Under this 
equivalence A G corresponds to the irreducible representation of G with h.w. A. 

Write Bun G:r for the stack classifying Tg £ Bun G together with a trivialization Tg — > Fq \d x ■ 
Following ([5], Section 3.2.4), write id',id r for the isomorphisms 

X H G ^ Bun G , x x G ^ Gr G ,x 

such that the projection to the first factor corresponds to h G , h G respectively. Let X T~L G c xHg 
be the closed substack that identifies with Bun Gi:r x G ^ c>x ^Gx G x via id'. 

To S G Sph G ,K G D^(Bun G ) one attaches their twisted external products (KMS) 1 and 
(KMS) T on xHg, they are normalized to be perverse for K, S perverse (cf. [S], Section 0.4.4). 
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The Hecke functors 

X H£, X R£ : Sph G x D^(Bun G ) -> D^(Bun G ) 

are given by 

a H£(S,K) = (h£) l (*S&K) r and X R^(S,K) = (h^XSMK) 1 

We have denoted by * : Sph G — ► Sph G the covariant equivalence of categories induced by the 
map G(F X ) — > G(F X ), g h-> g" 1 . Write also * : Rep(G) ^Rep(G) for the corresponding functor 
(in view of Loc), it sends an irreducible G-module with h.w. A to the irreducible G- module with 
h.w. -u> (A) (cf. [8], Theorem 5.2.6). 

The Hecke functors preserve the full subcategory D~(Bun G )i C D^(Bun G ). By ([7], Propo- 
sition 5.3.9), we have canonically 

X R^(*S,K)^ X R^(S,K) 

Besides, the functors K i— > x Rq(S,K) and K i— >• X H G (B((S), K) are mutually (both left and 
right) adjoint. 

Letting x move around X, one similarly defines Hecke functors 

Hg^H^ : Sph G xD^(Sx Bun G ) 4D^(IxSx Bun G ), 

where S is a scheme. The Hecke functors are compatible with the tensor structure on Sph G 
and commute with Verdier duality for locally bounded objects (cf. loc.cit). Sometimes we write 
Rep(G) instead of Sph G in the definition of Hecke functors in view of Loc. 

2.2.2 We introduce the category 

DSph G := © rez Sph G [r] C D(Gr G ) 

It is equipped with a tensor structure, associativity and commutativity constraints so that 
the following holds. There is a canonical equivalence of tensor categories Loc r : Rep(G* x 
Gm)^ D Sph G such that G m acts on Sph G [r] by the character x (->■ x~ r . So, the grading by 
cohomological degrees in D Sph G corresponds to grading by the characters of G m in Rep(GxG m ). 
In cohomological degree zero the equivalence Loc r specializes to Loc. 

The action of Sph G on D(Bun G ) extends to an action of D Sph G . Namely, we still denote by 

s H£ JjB H£ : DSph G x D^(Bun G ) -»■ D^(Bun G ) 

the functors given by x E£(S[r],K) = x H£{S,K)[r] and s H^(5[r], K) = x R^(S,K)[r] for 
S e Sph G and K € D(Bun G ). 

We still denote by * : D Sph G — > D Sph G the functor given by *(<S[i]) = for S £ Sph G . 
Write Locx for the tensor category of local systems on X. Set 

DLocx = ®i& LocxW C D(X) 
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We also equip it with a tensor structure so that a choice of x G X yields an equivalence of tensor 
categories Rep(-7Ti(X, x) x Gm)^ DLocx- The cohomological grading in DLocx corresponds 
to grading by the characters of G m . 

For the standard definition of a Hecke eigen-sheaf we refer the reader to Section 2.7). 

Since we need to take into account the maximal torus of SL2 of Arthur, we modify this standard 
definition as follows. 

Definition 1. Given a tensor functor E : Sph G — y DLocx, a .E-Hecke eigensheaf is a complex 
K G D^(Bun G ) equipped with an isomorphism 

R^(S,K)^E(S)MK[1] 

functorial in S G Sphg. and satisfying the compatibility conditions (as in loc.cit.). Note that 
once x G X is chosen, a datum of E becomes equivalent to a datum of a homomorphism 
a : tti(X,x) x G m — y G. In other words, we are given a homomorphism G m — y G of algebraic 
groups over Qp, and a continuous homomorphism tti(X, x) — y Zg(G m ), where Z G (G m ) is the 
centralizer of G m in G. 

Given a : tti(X, x) x G m — y G as above we write a ex : tti(X, x) x G m — > G x G m for the 
homomorphism, whose first component is a, and the second component tti(X, x) x G m —> G m 
is the projection. 

Example 1 . The constant perverse sheaf Qe [dim Bun^] on Bung is a cr-Hecke eigensheaf for the 
homomorphism a : tti(X, x*) x G m — y G given by 1p : G m — y G and trivial on tt\(X, x). 

2.3 Theta-sheaf Let G r denote the sheaf of automorphisms of O r x © f2 r preserving the natural 
symplectic form A 2 (Ox © f^ r ) — > ^- The stack Bunc r of G r -torsors on X classifies M G Bun2 r 
equipped with a symplectic form A 2 M — y J7. 

Recall the following objects introduced in [22J. Write Aq t for the line bundle on Bunc r with 
fibre det Rr(X, M) at M. We view it as a Z/2Z-graded line bundle purely of degree zero. Denote 
by BunG r —s- Buncv the //2-gerbe of square roots of Ac r - The theta-sheaf Aut = Aut 3 © Aut s is 
a perverse sheaf on Bunc r (cf. [22] for details). 

2.4. Dual pair S0 2m ,Sp 2n 

2.4.1 Let n, m > 1, G = G n and Ac = Ag„- Let H = S0 2m be the split orthogonal group 
of rank m over k. The stack Bun// of i/-torsors on X classifies: V G Bun2 m , a nondegenerate 
symmetric form Sym 2 V —y Ox , and a compatible trivialization 7 : det V ^> Ox ■ Let Ah be the 
(Z/2Z-graded) line bundle on Bun H with fibre detRr(A", V) at V. 
Write Bunc 5 // = Bunc x Bun//. Let 

r : Bun Gi // Bun G2nm 

be the map sending (M, V) to M © V with the induced symplectic form A 2 (M © V) — y 17. The 
following is proved in ([21], Proposition 2). 
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Lemma 1. There is a canonical Z/2Z- graded isomorphism of line bundles on Bun G // 

T*Aa 2nm ^A% ® A 2 ? ® det rt(x, e>r 4nm (1) 

Let f : Bun G // — > Bun G2nm be the map sending (A 2 M -> ft, Sym 2 V -»• O) to (A 2 (M<g> V) -► 
f2, 23), where 

_ det RT(X, F) n ® det RT(X, M) m 
~ detRr(X,C) 2nm ' 

and B 2 is identified with detRT(X,M <8> V) via ©. 

Definition 2. Set Aut G // = f* Aut[dim. rel(r)] € D^(Bun G //). As in ([21], Section 3.2) for 
the diagram of projections 

Bun// A Bun G // — > Bun G 
define F G : D~(Bun//)i -> D^(Bun G ) and F// : D~(Bun G )i -»• D^(Bun//) by 

F G (K) = p|(Aut G // <g>q*if)[-dimBun//] 

F H (H) = qi(Aut G) // ®p*A)[-dimBun G ] 

Since p is not representable, a priori F G may send a complex from D b (Bun//)i to a complex, 
which is unbounded even over some open substack of finite type. We don't know if this really 
happens (similarly for Fh). 

The Langlands dual groups are G^ S0 2n+ i and S0 2m over Qg. For convenience of the 
reader, we first formulate our main result in particular cases that yield Langlands functoriality. 

Theorem 1.1) Case n = m. There is an inclusion H G such that there exists an isomor- 
phism 

R^(V,F G (K))^(idMF G )(R^(Res%(V),K)) (2) 

over X x Bun G functorial in V € Rep(G) and K £ D _ (Bunj/)|. Here we denoted by idMF G : 

D~(A x Bun//)i —7- D^(A x Bun G ) the corresponding theta-lif ting functor. 

2) Case m = n + 1. There is an inclusion G H such that there exists an isomorphism 

R^(V,F H (K))^(idMF H )(R^(Res§(V),K)) (3) 

over X x Bun// functorial inVG Rep(if) and K 6 D~(Bun G )|. Here we denoted by \&MFh '■ 
D~(A x Bun G )i —> D^(A x Bun//) the corresponding theta-lif ting functor. 

We will derive Theorem Q] from the following Hecke property of Aut G //. 

Theorem 2. 1) Case n = m. There is an inclusion H G such that there exists an isomor- 
phism 

H G (V, Aut G ,//)^H£(Resg(n Aut G , H ) (4) 
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in D^(X x Buiig^) functorial inV£ Rep(G). 

2) Case m = n + 1. There is an inclusion G ^ H such that there exists an isomorphism 

(V, Aut C)H ) ^ (Resf (V) , Aut GjH ) (5) 
in T)^(X x Buiig^) functorial inVG Rep(i7). 

2.4.2 In the case m < n define the map k : H x G m — > G as follows. 

Set Wo = Q™ , write Wo = Wi © W2, where Wi (resp., W2) is the subspace generated by the 
first m (resp., last n — m) base vectors. Equip Wo © Wq © Qi with the symmetric form given 
by the matrix 

E n 
E n 
1 

where E n <E GL n (Q e ) is the unity. Realize G as SO(W © W * © Q £ ). Equip the subspace W x © 
W* C Wo©W *ffiQ^ with the induced symmetric form, and realize H as SO(WiffiW 1 *). This fixes 
the inclusion i K : H ^ G. The centralizer of H in G contains the group 0(W2 © W 2 * © Qe). Let 
Tgl(w 2 ) be the maximal torus of diagonal matrices in GL(W2). We have Hom(G m , Tgl(w 2 )) = 
jn-m canon i ca iiy, and we let a K = (2, 4, . . . , In — 2m) G Hom(G m , Tgl(vk 2 ))- View a K as a map 
G m ^ G. Finally, set k = (i K , a K ) : H x G m G. 

Another way to think of a K is to say that W2 © W 2 © admits an irreducible representation 
of the SL2 of Arthur, and a K is its restriction to the standard maximal torus 

G m ^ SL 2 A SO(W 2 © W 2 * © Qt) 

As predicted by Adams ([I]), the representation a corresponds to the principal unipotent orbit 

in SO(W2 © W 2 * © Qi), so a K = 2pso(W2®w*<5>Qt) f° r a suitable choice of positive roots of 
SO(W 2 ffiW 2 *©<^). 

Write gRes K : Sph G — > D Sph^ for the geometric restriction functor corresponding to k. 
By this we mean the restriction functor Rep(G) — > Rep(i? x G m ) composed with the Satake 
equivalences. 

In the case m > n define k:Gx G m —¥ H as follows. Set in this case Wo = Q™, let W\ 
(resp., W2) be the subspace of Wo generated by the first n (resp., last m — n) base vectors. 
Equip Wo © Wq with the symmetric form given by the matrix 




where E m G GL m (Q^) is the unity. Realize H as SO(W © W *). 

Write {ei} for the standard base of Wo, and {e*} for the dual base in Wq. Write W2 = 
W3©W4, where W3 (resp., W4) is spanned by e n+ i (resp., by e n+ 2, . . . , e m ). Let W C W3©W 3 * be 
any nondegenerate one-dimensional subspace. Equip W\ © Wj* © W with the induced symmetric 
form and set G = SO(Wi © W* © W). This fixes the inclusion i K :G^H. 
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Let W 1 - denote the orthogonal complement of W in W2 © WjT ■ The centralizer of G in H 
contains 0(W ± ). Realize GL(P^4) as the Levi subgroup of SG^W 7 - 1 ) using the standard inclusion 
W4 © W4 C W- 1 . Let Tgl(W4) De * ne maximal torus of diagonal matrices in GL(W^). Set 

a K = (-2, -4, . . . , 2 - 2m + 2n) G Z™""" 1 = Hom(G m , r GL(Wl) ) 

View a K as a map G m — > H, set k = (i K , a K ) : G x G m — > H. 

Another way to think of a K is to say that can be thought of as an irreducible represen- 
tation of the SL2 of Arthur, and a K is the restriction to the standard maximal torus 

G m ^ SL 2 4 SO(W ± ) 

As predicted by Adams ([I]), the representation a corresponds to the principal unipotent orbit 
in SO(iy- L ), so a K = 2p so r^-±\ for a suitable choice of positive roots of SO(W" ). As above, the 
geometric restriction functor corresponding to k is denoted gRes K : Sph^ — > D Sph G . 
Here is our main global result. 

Theorem 3. 1) Case m < re. There exists an isomorphism 

H£ (S, F G (K) ) (id SF G ) (H£ (gRes K (£),#)) (6) 

m D^(X x Bun G ) functorial in S G Sph^. and X € D _ (Bun^)|. i/ere we denoted by idMFc ■ 
D~(X x Bun#)i —7- D^(X x Bun G ) the corresponding theta-lif ting functor. 

2) Case m > n. There exists an isomorphism 

K%(S,F H (K))^(id®F H )(K£(gRe S K (*S),K)) (7) 

in T)^(X X Bunf/) functorial in S £ Sph^ and K G D~(Bun G )i. Here we denoted by idKli^ : 
D~(A x Bun G )i — > D^(A" x Bun//) is the corresponding theta-lif ting functor. 

We will derive Theorem [3] from the following Hecke property of Aut G; #. 

Theorem 4. 1) Case m <n. There exists an isomorphism 

H£ {S, Aut GlJT ) (* gRes K (5) , Aut G , H ) (8) 

in D < (X x Bun G> #) functorial in S G Sph G . 
Case m > n. There exists an isomorphism 

H£(S, Aut Gj ^)^H G -(gRes' t (*«S) J Aut G ,ff) (9) 

m D^(X x Bun G ,_H") functorial in S G Sph^. 

2.4.3 There is an automorphism <7# : H inducing the functor * : Rep(-ff) ^Rep(iJ) defined 
in Section 2.2.2. For m > n write k = an o k. Note also that the functor * : Rep(G')^Rep(G') 
is isomorphic to the identity functor. From Theorem [3] one derives the following. 
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Corollary 1.1) For m < n let K G D (Bun^); be a a-Hecke eigensheaf for some a : tti(X, x) x 
G m — > H . Let t be the composition 

tti(X,x) x G m — > H x G m -4 G, 

where o~ ex is as in Definition^ Then Fg{K) is equipped with a structure of a r-Hecke eigensheaf. 

2) For m > n let K G D^Bun^): be a a-Hecke eigensheaf for some a : m(X,x) x G m — ► G. 
Let r 6e £/te composition 

TTi(X,x) x G m -> Gx G m -4 il, 

where a ex is as in Definition^ Then Fh(K) is equipped with a structure of a r-Hecke engein- 
sheaf. 

2.5 Dual pair GL m ,GL n 

Let n,m > 0. Recall that Bun n denotes the stack of rank n vector bundles on X. Our convention 
is that GLo = {1} and Buno = Spec/c. 

Let yVn^m denote the stack classifying L G Bun n , U G Bun m and a section s : Ox L®U. 
We have a diagram 

Bun n & W n>m Bun m , 

where h m (resp., h n ) sends (L,U,s) to U (resp., to L). Let W nrtl be the stack classifying 
L G Bun n , U G Bun m and a section s' : L <S)U — >■ fi. We have a diagram 

Bun n ^ W^ m Bun m , 
where h' m (resp., h' n ) sends (L,U,s') to J7 (resp., to L). 

Definition 3. The theta-lifting functors F nm ,F' nm : D _ (Bun„)i — > D^(Bun m ) are given by 

F n>m {K) = (h m )\h*K [dim Bun TO +a niTO ] and F^ m (K) = (h' m )i(h' n )* K[dimBun 

Here a ntin is a function of a connected component of Bun n x Bun m given by a n/m = x(L ® f ) 
for L G Bun n , CJ G Bun m . By restriction under h ri x /i m (resp., under h' n x ft^J, we view a n ^ m in 
the above formulas as a function on W n , m (resp., on W4 TO )- 

Since h m and /i^ are not representable, a priori F n m and F^ m may send a bounded complex 
to an unbounded one. The following result can be thought of as a functional equation for the 
theta-lifting functors. 

Lemma 2. There is a canonical isomorphism of functors F l nm — f F nm . 

Proof Write 4>,cj)' for the projections from W n . m and from W^ m to Bun„ x Bun m . As in ([5], 
Lemma 7.3.6) one shows that 4>\Qe[ a n,m]^ 4>\ < Qe[~ a n.m] canonically. The assertion follows. □ 
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For the rest of Section 2.5 assume m > n and set G = GL(Lo) and H = GL{Uq) for Uq = k m , 
Lq = k n . Write Uq = Ui (& U%, where U\ (resp., U2) is the subspace generated by the first n 
(resp., last m — n) base vectors. Let M = GL(Ui) x GL(l7 2 ) C H be the corresponding Levi 
factor. 

Define k : G x G m — >• H as the composition 

GxG m 4 G x GL([/ 2 ) = M^H 

Write gRes K : Sph^ — > D Sph G for the corresponding geometric restriction functor. 
The analog of Theorem [3] for the dual pair (G,H) is as follows. 

Theorem 5. We assume m > n. There exists an isomorphism 

H^(5,F n>m (K))^(id^F nim )(H^(gRes K (5),^)) (10) 

in D^(JT x Bun m ) functorial in S £ Sph^ and K £ D~(Bun„)i. Here we denoted by idMF n ^ m : 
D~(X x Bun„)i — > D~ < (X x Bun m ) the corresponding theta-lifting functor. 

Ifn = morm = n + l then the restriction of k to G m is trivial, so Theorem [5] in this case 
says that F n ^ m realizes the (non ramified) geometric Langlands functoriality with respect to an 
inclusion G H. For example, for n = m one may show the following. For an irreducible rank 
n local system E on X write Aut# for the automorphic sheaf on Bun„ corresponding to E (cf. 
[8]). Then F nin (Auts) is isomorphic to Aut#* tensored by some constant complex. 

Write ooVV n)m for the stack classifying x £ X, L £ Bun n , U £ Bun m and a section s : Ox 
L (g) U(oox), which is allowed to have an arbitrary pole at x. This is an ind-algebraic stack. For 
a closed point x £ X let x,ooW n)m C ooVV njm be the closed stack given by fixing x. 

In Section 7 we will define Hecke functors 

Z H£, x Hj} : Sph^ x D fe ( x>00 W„, m ) -> B b ( x>00 W n , m ) (11) 
x Rq, x Rq : Sph G x D b ( X:00 W n , m ) ->■ B b ( 

x,ooWn,m) (12) 

and their family versions acting on D 6 ^ W n , m ). Set 

T = (Q^)>v„, m [dimBun m + dimBun n +o reim ], (13) 

where a„ jm is a function of a connected component of W n ,m defined above. View I as a complex 
on W n ,m extended by zero to x ,ooWn,m- Write also ool for XM Qe[l] over W n , m x X extended 
by zero to ooW nim . We will derive Theorem [5] from the following 'Hecke property' of X. 

Theorem 6. The two functors Sph^ — > D b ( 00 W min ) given by 

Th+ x H£(T,ooZ) and T^ 1 .H^(gRes K (T),oo2:) 

are isomorphic. 
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3. Classical setting and motivations 

In Section 3 we assume k = ¥ q . 

3.1 Weil representation of GL m x GL n . 

Let Uq (resp., Lq) be a fc-vector space of dimension m (resp., n). For Section 3.1 set G = GL(Lo) 
and H = GL(U ). Let n = Uq ® Lq and n = U (O). 

Let i £ I be a closed point. Recall that the Weil representation of G{F X ) x H{F X ) can 
be realized in the Schwarz space S(H(F X )) of locally constant compactly supported Qi- valued 
functions on U(F X ). The action of G(F X ) x H(F X ) on this space comes from its natural action 
on U(F X ). 

Write H X (G) for the Hecke algebra of the pair (G(F x ),G(O x )), and similarly for H X (H). 
Recall that H X (G) identifies canonically with the Grothendieck group K(Kep(G)) of the category 
Rep(G) of G-representations over Qi. 

The space of invariants S(U(F x )) G( - 0x ^ xH( - 0:c ^ is naturally a module over H X {G) ®% X (H). 
Let 4>o E 5(n(i< 1 )) be the characteristic function of 11(0). The following result is well-known 
(cf. |24| . [26J), in Section 5 we prove its geometric version. 

Lemma 3. Assume m > n. The map M X (G) -> S(n(F))( GxH ^ ^ sending h to li(po is an 
isomorphism ofH x (G) -modules. There is a homomorphism k : 7i x (H) — > 7i x (G) such that the 
H x (H)-action on S(U(F x )) G ^ xH ^ factors through k. 

For n = m the homomorphism n comes from the functor Rep(i/) — >■ Rep(G) of restriction 
with respect to an isomorphism G^H. For m > n we will see that k comes from the functor 
Rep(-ff) — > Rep(GxG m ) ^ D Sph G of restriction with respect to a homomorphism GxG m — > H. 
For m > n + 1 the restriction of this homomorphism to G m is nontrivial. 

3.2 Weil representation of S0 2m x Sp 2n 

3.2.1 In this sebsection we introduce some objects on the level of functions whose geometric 
analogs are used in the proof of Theorem [3l Keep the notation of Section 2.4. Let Uq = O™ 
and Vq = Uq®Uq, we equip Vq with the symmetric form Sym 2 Vq — >• Ox given by the pairing 
between Uq and Uq, so Uq and Uq are isotropic subbundles in Vq. Think of Vq as the standard 
representation of H. 

Let P(H) C H be the parabolic subgroup preserving Uq, let U{H) C P(H) be its unipotent 
radical, so U (H) — ► A 2 Uo canonically. 

Let Lq = 0\ and M = Lq © Lq <£> $7. We equip M the symplectic form A 2 M 0, given 
by the pairing Lq with Lq ® £1. So, Lq and Lq (g) £1 are lagrangian subbundles in Mq. Recall that 
G is the group scheme over X of automorphisms of Mq preserving the symplectic form. 

Let P{G) C G be the parabolic subgroup preserving Lq, write U (G) C P(G) for its unipotent 
radical. We have U(G)^-ft~ 1 <8> Sym 2 Lq canonically. 

Set Mq = Vq <S> Mq, it is equipped with a symplectic form, which is the tensor product of 
forms on Vq and Mq. 
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Set F = k(X). Let A be the adeles ring of F, O C A be the entire adeles. Let x '■ 
0(A) /0(F) — y Q| denote the character 

xM = ^(J^ tTfc^j/fcResw*) 

Let Hs = .Mo © O be the Heisenberg group over X constructed out of the symplectic bundle 
Mo- The product in Hs is given by 

(mi,wi)(m 2) 002) = {mi + m 2 ,uji + w 2 + -(mi,m 2 )) 

For the generalities on the metaplectic extension Sp(TWo) of Sp(TWo) an d its Weil representation 
we refer the reader to [22]. The natural map G(A) x H(A) — > §p(.A4o)(A) lifts naturally 
to a homomorphism G(A) x if (A) — > §p(.A/fo)(A). We use two Schrodinger models of the 
corresponding Weil representation of G(A) x H(A). 

Set £0 = Vq 8) Lq C Vq ® Mo, this is a Lagrangian subbundle in .Mo- Let 

X£ : A) (A) © 0(A) ->• 

denote the character X£(it,o;) = x( w )- Let Sc^ denote the induced representation of (£o(A) © 
0(A), xc) t° Hs(A). By definition, Sc^ is the space of functions / : Hs(A) — > Qe satisfying: 

• f(ah) = xc{a)f{h) for a G C (A) © 0(A), h G Hs(A); 

• there is an open subgroup U C Mq(A) such that f(h(u,0)) = f(h) for u G U, h G Hs(A); 

• / is of compact support modulo Cq(A) © 0(A). 

For a free A- module (or free i^-module) R of finite type denote by S(R) the Schwarz space 
of locally constant compactly supported (Q^-valued functions on R. We have an isomorphism 
Sc,il>->S(Vo © Lq ® 0(A)) sending / to given by = f(v,Q), v G <g> Lq ® 0(A). 

The theta-functional 

G £ : 5(y © £0 ® ^( A )) -> 

is given by 

Q c ((j))= J2 <I>(V) for 0£S{V o ®L* o ®n(A)) 

Set Z^o = ^0 © -Mo, this is a Lagrangian subbundle in Mq. Let 

XW :^o(A)©0(A)^Q,* 

be the character xu( u ,u) = x( w )- Let Sy^ denote the induced representation of (Uo(A) © 
0(A), xu) to Hs(A). As above, we identify it with the Schwarz space S{Uq ® Mo (A)). 
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The theta-functional @ u ' S(U£ ® M (A)) -> Q e is given by 

®u{4>) = Yl for ^ G ^(^o ® M o(A)) 

te£/ *®M (F) 

For a locally free Ox-module 3^ of finite type write x(3^) for the Euler characteristic of y. 
Set e = gX( f/ o <g)i o)_ L e ^ us cons truct a diagram of H(A) x G(A)-representations 

5(C/ * M (A)) ^ Funct((iT x G){F)\(H x G)(A)) 

t C / ^ £ (14) 

where //(A) x G(A) acts on the space of functions Funct((i/ x G)(F)\(H x G)(A)) by right 
translations. The map Ou sends </> to 9u,4> given by Qu,<f>(h,g) = &u((h, g)4>)- The map 9c sends 
to #£,0 given by 

For G S(V ® -Lq ® 0(A)) let € 5(C/ * (8) M (A)) be given by 

(C$(&) = / x((a,fci»0(« + & 2 )da (15) 

J U ®L*®tt(A) 

Here for & € ® M (A) we write 6 = 6i + 6 2 with bi G ® L (A) and 6 2 G C/ * ® Lq ® 0(A), 
and da is the Haar measure on Uq ® Lq ® ^(A) normalized by requiring that the volume of 
Uq(&Lq® 0(G) is one. It is known that £ is an isomorphism of G(A) x i?(A)-modules (cf. [24J). 

Let 4>o t u (resp., <fto,c) ^> e ^ e characteristic function of Uq®Mq{0) (resp., of Vb® Lq<S>Q(0)). 
An easy calculation shows that C0o,£ = ^>o,u- 

Lemma 4. The diagram ji^| ) commutes. 

Proof We have G^Ofo,/:) = g dimH °M®£S®n) and G w (0 o ,w) = g dimH°(x,£/ *®M ). Since 
dimH°(X, [f * ® M ) = x(^o ® L o) + dimH°(X, V ® L* ® fi), 

we get ©w°C = Since £ is an isomorphism of G(A) x if (A)-modules, our assertion follows. 
□ 

Write %{H) for the Hecke algebra of the pair (H(0),H(A)), and similarly for G. Passing 
to the (G x _£f)(0)-invariants, one gets from (|14|) the commutative diagram 

S([/ *®Mo(A)p xG K°) H Funct(Bu nf?)H (A;)) 

t C / eOc (16) 

5(y ®^o®^( A )) (HxG)(0) 

of 7i(H) ® "H(G)-modules. The notation Bun^// is that of Section 2.4.1. 
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Let 4>q E Funct(BuiiG' j #(fc)) be the function trace of Frobenius of Auta,H- Then 0u4>o,u 
equals 4>q up to a multiple. 

For x E X let (f>o,u,x € <8> Mo(F x )) be the characteristic function of Uq <8> Mo(O a )> let 

0o,£,x E 5(Vo ® Lq ® be the characteristic function of Vb <8> £q <8> £l(O x ). 

Denote by 7i x (G) the Hecke algebra of the pair (G(O x ), G(F X )), and similarly for H. Recall 
the decomposition clS 8l restricted tensor product 

n(G)^ ®' n x (G) 

Similarly, we have 

S{U£ ® Af (A))=> (8)' S{U£ ® M {F X )) 

In view of this isomorphism S(Uq ® Mq(A)) is generated as a Qg- vector space by functions of 
the form ® x (f) x with <f> x E S(Uq <gi Mq(F x )), where (ft x = <j)Q t u,x for all but finite number of x E X. 
In particular, we have a canonical diagram 

S(U$ (8) M (F x ))( HxG )(°-) S(£/* ® M (A))( HxG )(°) 

T Ca; T c 

s{v ®L* ®n{F x ))( HxG x°^ s(y <8>L5®n(A))( HxG )(°), 

where Cr is given by ^T5J) with {7 ® £q ® ^(A) replaced by J7 ® n(F x ). 
Set 

Weil G)if (fc) = {(/!, / 2 ) | A E S(V ®L* ® n(F x ))( BxG X°"\ 

h E S{U* ® M (Fx)) (HxG)(Oa!) such that Cz(/i) = / 2 } 

The Hecke property of 0o ( a classical analogue of Theorem 3J) is as follows. 

Proposition 1.1) Assume m < n. There is a homomorphism n : H X (G) — > 7i x (H) such that 
for h E H X (G) we have 

x H£(h,cj) ) = a H^(/e(/i),0 o ) 

IJj Assume m > n. There is a homomorphism k : H X (H) — > H X (G) such that for h E H X (H) we 
have 

x E£(h,<p ) = x B^(K(h),(f)o) 

The above discussion reduces the proof of Proposition [T] to the following local result. 

Proposition 1.1) Assume m < n. There is a homomorphism n : ~H X (G) — > 7i x (H) such that 
for h E H X (G) we have 

X H£" (h,())o,U,x) = (x(xH-H(K(h),()>0,£,x)) 

Moreover, Weilc,H(k) is a free module of rank one overT-L x {H) generated by 4>o,c,x- 

2) Assume m > n. There is a homomorphism k : H X (H) — > H X (G) such that for h E T~L X {H) we 

have 

CxixH-H (h, (/)o,C,x)) = x^G( K ( h )^0,U,x) 

Moreover, WeHa u(k) is a free module of rank one over H X (G) generated by (f>ou,x- 
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To the author's best knowledge, there are three different prooofs of Proposition [2] available in 
the literature. First part of both statements 1) and 2) is proved by Rallis (|26j) by some explicit 
calculation based on the following description of the Jacquet module. By ([17], Lemma 5.1) we 
have an isomorphism of GL(Lq)(F x ) x i?(i ? x )-representations 

S(V ®L*® n(F x )) u{G)(Fx) ^S(Cr(V ® L* ® il(F x ))) (17) 

Here Cr(V ® Lq ® Sl(F x )) C F ® Lq ® fi^) is the subset of maps v : Lo(^r) -> Vb <g> ^(F^) 
such that sc(v) = 0, where sc(v) denotes the composition 

s c (v) : Sym 2 L (F X ) Sy ^ v Sym 2 (V ® fi^)) -> tt 2 (F,) 

A different proof due to Howe is found in [21], where the space We\\c,H is described completely 
(a revisited version is given in [H]). One more proof is given by Kudla in [16] . Namely, in [T7J 
it was shown that the Howe correspondence is compatible with the parabolic induction, this 
allows one to describe explicitely the image of a principal series representation under the Howe 
correspondence (cf. [16], Proposition 3.2, p. 96), hence, to derive the functoriality ([16], Theorem 
on p. 105). 

3.2.2 In Section 6 we prove Theorem [7J which is a geometric analogue of Proposition [2j The 
main difficulty is that the existing proofs of proof Proposition [2] do not geometrize in an obvious 
way. Our approach, though inspired by [26], is somewhat different. 

One more feature is that classical proofs of Proposition [2] do not reveal a relation with the 
SL2 of Arthur, though it is believed to be relevant here (cf. the conjectures of Adams in [1]). 
In our approach at least the maximal torus of SL2 of Athur appears naturally. In Section 8 we 
derive Theorem |4] from Theorem [71 

4. Geometric model of the Schwarz space and Hecke functors 

4.1 Set O = k[[t}\ C F = fc((i)), write D* = SpecF C D = SpecC Let O be the completed 
module of relative differentials of O over k. 

For a free O-module M of finite rank we introduce the categories P{M(F)) C D(M(i 7 )) as 
follows. For N, r > set N,rM = t~ N M/t r M. Given positive integers N\ > N2, r\ > r% we 
have a cartesian diagram 

I p I p (18) 

N 2 ,r 2 M ^ AT 1>r . 2 M, 

where % is the natural closed immersion, and p is the projection. 

By ([9J, Lemma 4.8), the functor D{ N>r2 M) -)■ D(jv, ri M) given by K H- p*K[dim. rel(p)] 
is fully faithful and exact for the perverse t-structures, and similarly for the functor 2*. These 
functors yield a diagram of full triangulated subcategories 

Dfe, n M) D( Nuri M) 

t t (19) 

D(jv 2 , r2 M) B( Nur2 M) 
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We let P(M(F)) (resp., D(M(F))) be the inductive 2-limit of P(jv, r M) (resp., of D(jv, r M)) as 
r, N go to infinity. The category P(M(i ? )) is a geometric analog of the Schwarz space of locally 
constant functions with compact support on M(F). 

Set N M = t~ N M viewed as a A:-scheme (not of finite type). 

4.2.1 Let G be a connected reductive group over k, assume that M = M$ <g>fc O, where Mq is a 
given finite-dimensional representation of G. 

For N + r > the group G(0) acts on n^M via its finite-dimensional quotient G(0 /t N+r O). 
For n > N + r > the kernel of G(0/t ri O) ->• G(0/t N+r O) is a contractible unipotent group. 
So, the projection between the stack quotients 

q : G(0/t ri O)\ N>r M -> G(0/t N+r O)\ N , r M 

yields an (exact for the perverse t-structures) equivalence of the equivariant derived categories 

^G(0/t N + r O)(N,rM) -+ D G ( / tn Q)(N, r M) 

Denote by D G (e>) (_/v jr M) the equivariant derived category DG(0/t r iO)(N,rM) for any n > N + r. 
The stack quotient of (JB) by G(0/t Nl+n O) yields a diagram 

D G (o)(iV2,riM) ^ D G(0) ( Wl>ri M) 

t t (20) 

M) D G(o) 0v 1>r2 M), 

where each arrow is a fully faithfull (and exact for the perverse t-structures) functor. Define 
D G{0) {M{F)) as the inductive 2-limit of D G(c , ) ( A r jr M) as N, r go to infinity. Write D G(£)) (M(F)) 

for the inductive 2-limit of T>q^{n^ t M) as N, r go to infinity. 

Since G{0/t N+r O) is connected, the category P G (0)(N, r M) of G(C/t Ar+r O)-equivariant per- 
verse sheaves on N ir M is a full subcategory of P(jv )f .M). The category P G (0)(M(F)) is defined 
along the same lines. A similar construction has been used in (|15j). 

Since the Verdier duality is compatible with the transition functors in (|20p and (|19p , we have 
the Verdier duality self-functors D on D G (£>\(M(.F)) and on T)(M(F)), they preserve perversity. 

4.2.2 Write Gr G for the affine grassmanian G{F)/G(0) of G. Let us define the equivariant 
derived category D G ( )(M(i ? ) x Gr G ). 

For si, S2 > let 

S1 , S2 G(F) = {g G G(F) | t Sl M C <?M C t" S2 M}, 

it is stable by left and right multiplication by G(0), and S1)S2 Gr G := ( Sl<S2 G(F)) /G(0) is closed 
in Gr G . For > s±, s' 2 > S2 we have a closed embedding Sl)S2 Gr G <-)■ s ^ jS / Gr G , and the union 
of all sl)Sa Gr G is Gr G . The map g i-> g™ 1 yields an isomorphism sliS2 G(F) ^» S2;S1 G(F). 

Assume for simplicity that Mo is a faithful G-module, then the action of G(0) on SljS2 Gr G 
factors through an action of G{0 /t Sl+S2 ). 
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For N, r, si, S2 > and s > max{N + r, s± + S2} we have the equivariant derived category 

^G{0/t s )(N,rM X Sl)S2 Giq), 

where the action of G(0/t s ) on N,rM x 81jS2 Gr G is diagonal. For s' > s > max{A?" + r, s\ + S2} 
we have a canonical equivalence (exact for the perverse t-structures) 

D G(0/(»)(jv,rM x si,s 2 Gr G ) -> D G j ^j(jv ir M x S1)S2 Gr G ) 

Define D G ( )(jy !r Afx SljS2 Gr G ) as the category D G (o/ tS )(jv l7 -Mx SliS2 Gr G ) for any s as above. As 
in Section 4.2.1, define T) G (q\(M(F) x Gr G ) as the inductive 2-limit of D G / ) (jv )r M x S1jS2 Gr G ). 
The subcategory of perverse sheaves 

P G(G) (M(F) x Gr G ) C D G(0) (M(F) x Gr G ) 

is defined similarly. 

4.3.1 Let Sph G denote the category of spherical perverse sheaves on Gr G . Recall the canonical 
equivalence of tensor categories Loc : Rep(G)^ Sph G (cf. [23]). 

Let us define an action of the tensor category Sph G on D g ,qJM(F)) by Hecke operators. 
Consider the map 

a : M{F) x G{F)^M{F) x G{F) (21) 

sending (m,g) to (g m,g). Let (a, b) E G(0) x G(0) act on the source sending (m,g) to 
(am,agb). Let it also act on the target sending (m',g') to (6 _1 m' , ag 1 b) . The above map is 
equivariant for these actions, so yields a morphism of stacks 

g act : G(0)\(M(F) x Gr G ) (M(F)/G(0)) x (G(0)\Gr G ), 

where the action of G(0) on M(F) x Gr G is the diagonal one. 

The connected components of Gr G are indexed by iri(G). For 6 G ir\(G) the component Gr G 
is the one containing Gr G for any A G whose image in 7ri(G) equals 0. For 6* G tti(G) set 
si,«2 Gr G = Gr G n SljS2 Gr G . 

In the rest of Section 4.3.1 we construct an inverse image functor 

, «**(•, •) : D*, (0) (M(F)) * D G( o)(Gr G ) -> D 6 G(0) (M(F) x Gr G ) (22) 
satisfying the following properties. 

Al) For if G D G(0) (M(F)), T G D G(c) (Gr G ) one has canonically 

D(,act* (if, T)) ^ , act*(B(if), D(T)) (23) 
A2) If both K and 7" are perverse then q act* (if, T) is perverse. 
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For non negative integers N, r, si, S2, with r > s± and s > maxjsi + S2,N + r} we have a 
diagram 

N, r M X SljS2 G(F) ^ N+ Sl ,r- Sl M 

\r 1G 4- 1M 

N,rM £- N,rM X SljS2 Gr G -> 9 G(0/t s )\ N+Sl , r - Sl M 

G(0/f)\ N , r M £ G(0/t s )\( N , r M x Sl>S2 Gr G ) P -5 G(0/t»)\( ai , aa Gr G ) 

Here act sends (m,g) to g^ 1 m, the map g G sends (m,g) to (m, gG(0)), and pr, pr 2 denote the 
projections. All the vertical arrows are the stack quotient maps for the action of a corresponding 
group. One checks that act descends to a map act g between the corresponding quotients. 

For s > max{si + S2, N + r} the group G{0/t s O) acts diagonally on N,rM x SljS2 Gr G , and 
actg is equivariant with respect to this action. Consider the functors 

D G (0/ts)Gv+si,r-si^) X ~D G (p/ t s} { Sl ,s 2 G t g) ^G(0/t a )(N,rM X 3ljS2 Gr G ) 

~ D G(0)(N+s l ,r-s l M) x D G(0) ( Sl , S2 Gr G ) D*, (0) (jv, r M x 8l>aa Gr G ) 

sending (K, T) to 

act* s (K)®-prl T[s dim G + si dim M - c] , (24) 

where c equals to {9, ft) over S1)S2 Gr G . Here ft G A G denotes the character detMo. 

For n > V2 and s > max{si+S2, N+r\} the functors temp are compatible with the transition 
functors for the diagram 

G(0/t s )\( Ntri Mx SuS2 Gi G ) G(<D/t s )\ N+Suri - Sl M 

G(0/t s )\( Ntr2 M x SUS2 Gr G ) "-V G(0/f)\ N+aitra - Sl M 
So, they yield a functor 

N,S1,S2 

temp : B b G ^( N+sl M) x D G(cl) ( SliS2 Gr G ) ->• D G(£)) (^M x SliS2 Gr G ) 

For JVi > A^2 and s > max{si + S2, Ni + r} we have a diagram, where the vertical maps are 
closed immersions 

G(0/t s )\( Nur M x 8un Gr G ) "-V G(0/t*)\ Nl+sl , r - sl M 

t t 
G(0/f)\( Na , r M x S1)S2 Gr G ) "-V G(0 /1*)\j, 2+aur - sl M 
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This diagram is not cartesian in general, we come around this as follows. If A G Dq,q\(nM), 
'G(G)\ ' ' " -vi- .., tit. r, .,,,.1..,. . i 



T G ^g(0)(si,s 2 ^ ,i g) then for any N± > N + s 2 the image of (A, T) under the composition 



V g{0 )(nM) x D G(G) ( SliS2 Gr G ) C B b G(0) ( Nl+Sl M) x D G(0) ( sliS2 Gr G ) N ^ temp 

V G (0)(niM x sltS2 Gi G ) C D G(C) (M(A) x S1)S2 Gr G ) 

does not depend on iVi, so we get a functor 

S1)S2 temp : D G(0) (M(A)) x D G(0) ( Sl , S2 Gr G ) -> D G(C) (M(A) x Sl , S2 Gr G ) 

For ^ s l> s 2 — s 2 we have the functors of extension by zero 

D G (e>)U,s2 G r G ) ->• D G(0) (^ jS /Gr G ) 

They are compatible with sljS2 temp. This yields the desired functor (|22p . The properties Al, 
A2 follow easily from the construction. 

4.3.2 For nonnegative integers s%, S2, N, r and s > max{A + r, s\ + S2} for the projection 

pr : G(0/t s )\( N , r M x Sl ,, 2 Gr G ) -> G(0/t s )W,rM 

the corresponding functors pri : D G , ) (jv,r Af x sljS2 Gr G ) -4 D G , J^ ir M) are compatible with 
the transition functors, so yield a functor pr; : D G ^(M(A) x Gr G ) — >■ D G ^(M(A)). 
Finally, we define the Hecke functor 

H£(T, •) : D G(0) (M(A)) -4 D G(G) (M(F)) (25) 

by H£-(r,iO = pr,( g act*(A~,T)) for T G Sph G and K G D G(G) (M(A)). From ([23]) one gets 
that the functors (|25p commute with the Verdier duality, namely 

B(H£ (T, A)) ^ (DT, BA) 

They are also compatible with the tensor structure on Sph G (as in [5], Section 3.2.4). For 
T G Sph G and A G D G(0) (M(A)) set H^T, A) = H G (*T, A"). Then the functors 

K^R^(T,K) and A" ^ H^(D(T), if ) 

are mutually (both left and right) adjoint. 

For a G-dominant coweight A we set H G (-) = H G (A G , •). 

Remark 1. Call A G Pg(o)(^) smooth if it comes from a G(0)-equivariant local system on 
R, r M for some r. Let us make the above definition explicit in this case. 

Let us above fx G A G denote the character detMo, so the virtual dimension dim(M/gM) = 
(9,jl) for gG(0) G Gr G . Let T G Sph G be the extension by zero from Sl . S2 Gr G . For r large 
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enough, let r ; Mx S1iS2 Gr^ be the scheme of pairs (m, gG((D)) with gG(O) G s1)S2 Gtg an d 
m G t- R gM/t r M. Set 

si,s2 Gr^. = SljS2 Grc D Gr^. 

Then ^ r Mx SliS2 Grg is a locally trivial fibration over SlyS2 Gr G with fibre an affine space of 
dimension (R + r) dimM — {0, jl). We get a diagram 

ii +S2)r M £ R>r Mx SuS2 Gr G % q G(0/t R+r - s ')\{ R ^ Sl M), 

where pr sends (m, gG(0)) to m. Let KMT denote the perverse sheaf act* K <g> pr*. T[dim] 
on s ]r Mx Sl)S2 Grc, here dim is the unique integer for which this complex is perverse. Then 
H G (T, K) = y>V\(KMT). We see once again that indeed the shift in ([24")) must depend on fi. 

4.4 Let Iq denote the constant sheaf on o,o-^\ this is an object of P G ^(M(F)). For K = Iq 
the above definition of H G (K) simplifies as follows. 

Assume that all the weights of Mq are less or equal to a G-dominant weight A. Then for a 
dominant coweight A of G we have Gr G C r ,N Gr G and H G (I ) G T) b G ^{ N ^M) with r = (A, A) 
and N = {-w (\), A). 

Let MxGi G be the scheme classifying pairs gG{0) G Gr^, m G gM. Let 7r pro : MxGrg — > 
nM be the map sending (m, gG(0)) to m G atM. Write o^MxGt g for the scheme classifying 
gG{0) G Gr^, m G gM/t r M. The map 7r pr . gives rise to a proper map 

7T : o.riWxGrg -> N)T M (26) 

sending (m,gG(0)) to m. By Remark[0 H^(/ ) identifies with tt\(Qi &A G )[dim , r M]. 

4.5 The group of automorphisms of the fc-algebra O is naturally the group of /c-points of a 
(reduced) affine group scheme Aut° O over k. The group scheme Aut° O acts naturally on M(F), 
G(F), G(0) and Gr G . We write 5 : Aut° O x M(F) -> M(F) and 5 : Aut° x G(F) -»■ for 
the corresponding action maps, and G(F) x Aut° O for the corresponding semi-direct product 
with operation 

(gi,c 1 )(g 2 ,c 2 ) = (gi5(c 1 ,g 2 ),c 1 c 2 ), c% G Aut ©,^ G G(F). 

Then G(F) x Aut° O acts on M(F) via the map (G(F) x Aut° O) x M(F) M(F) sending 
((g,c),m) to g5(c,m). For r > we similarly have a semi-direct product G(0/t r ) x Aut(C/i r ) 
and a surjective homomorphism G(0) x Aut(O) — > G(Oft r ) x Aut(0/f), whose kernel is pro- 
unipotent. 

Let us define the equivariant derived category D G ( -j xAut o (M(F)). As in 4.2, for r\ > 
N + r > the projection between the stack quotients 

q : {G(0/t n ) x Aut(0/t ri ))V, r M -)■ (G{Oft N+r ) x Aut(0/t JV+r ))\ 7Vir M 
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yields an (exact for the perverse t-structures) equivalence of the equivariant derived categories 

Denote by D G(0)>< , Aut o a ( N>r M) the equivariant derived category D G(0( , fl)) , Aut ( 0/fl )(jv if M) for 
any r\ > N + r. 

The stack quotient of by G{0/t Nl+ri ) x Aut(0/t Nl+n ) yields a diagram 

D G(O)xAut C'(A r 2,ri M ) D G(O)xAut oUi,r#) 

t t (27) 

D G(O)xiAut 0(^2^2^) ^ D G(C) xi Aut° 0(^1^2^)) 

where each arrow is a fully faithfull (and exact for the perverse t-structures) functor. Define 
DG(e>)xiAut° o(M(F)) as the inductive 2-limit of ^G(O)^Ant o(.N,rM) as N, r go to infinity. Sim- 
ilarly, one defines the category of perverse sheaves 

(M(F)) C D G(0) TO) 

As in 4.3, one defines a natural action of Sph G on D b G ^ o ^ Ant0 (M(F)). For our purposes 

note that the map (|26p is Aut° O-equivariant, so that all the perverse cohomologies of H G (7o) 
are objects of P G(0)xAut o {M(F)). 

4.6 If X is a smooth projective connected curve and i£l then one can consider the following 
global version of the category ~D b G ^(M (F)) . 

Let x ,ooWg be stack classifying a G-torsor Tq on X together with a section Ox — > Mp G {pox). 
The stack x ,ooWg is an ind-algebraic. We have a diagram 

x.oo^G x,ooVVg x Bun G x%G ~ > z.ooWg, 

where we used /i G to define the fibre product, the map hy^ (resp., h^) sends (Fg, F'giPi ®x — > 
Mjr G (oox)) to (Jg,s) (resp., to (F' G ,s') with s' = s o /3). As in Sections 2.2.1 and 4.3, one 
defines the Hecke functors 

H£(-, -),Hg Or) : Sph G x D 6 ( Xi0O W G ) -> D 6 ( Xi0O W G ) 

Let Xi <atWg C x ,oo Wg be the closed substack given by requiring that Ox — > Mj^ G {Nx) is 
regular. 

For r > 1 let .D^ = Spec0 x /t£, where O x is the completed local ring at 1 £ I, and t x € O x 
is a local parameter. Pick a trivialization O x —$0. For iV, r > it yields a map 

N.rPW ■ x,<nW G -+ G(0/t N+r )\ N , r M 

sending (Fg, Ox — > Mf g (Nx)) to J" G |Djv +r ^ equipped with the induced G(0/t Ar+r )-equivariant 
map T G l-Dw+r.x^ Ar, r M. We get a functor D G(G/t ^ +r) ( N , r M ) -> D 6 ( X| <jvWg) given by 

K i-> ^^[a + dimBun G +iVdimM - dimG(0/t JV+r )\ 7 v,rM], 



23 



here a is a function of a connected component of Bung- sending Tq to \{Mj: G }. The shift in 
the above formula should be thought of as 'the corrected relative dimension' of N,rPw, over 
a suitable open substack of x ,<nWg it is indeed the relative dimension. These functors are 
compatible with the transition functors in (|20p , thus we get a well-defined functor 

glob x . : D b G(0) (M(F)) -> D b ( Xi00 W G ), 

here glob stands for 'globalization'. One checks that it commutes with the functors Hq ,Hq . 
Along the same lines, one defines a functor D^, , Aut . (M(F)) — > T) ( Xj00 Wg) that does not 
depend on a choice of a trivialization O x ^>0. 

Write ooVVg for the stack classifying x € X, a G-torsor Tq on X, and a section s : Ox — > 
Mp G {oox). As above, one defines the Hecke functors 

H£(-, -),H£(., •) : Sph G x D^Wg) -> D^Wg) 

Let <atWg C ooWg be the closed substack given by the condition that s : Ox — > Mp G (Nx) is 
regular. Along the same lines one gets a map <atWg -> {G(0/t N+r ) x Aut(0/* iv+r )) V,r-W, 
the corresponding functors 

D G(0/tW-H-)xAut(0/*w+r)U,rM) -> D b (<jvW G ) 

are compatible with the transitions functors in (|2Tj) . The resulting functor 

glob^ : D^ (o) ^ Aut0(o) (M(F)) D'CooWq) 

commutes with the action of H G , . 

4.7 Weak analogues of Jacquet functors 

4.7.1 Let P C G be a parabolic subgroup, [/ C P its unipotent radical and L = P/U the 
Levi quotient. In classical setting, an important tool is the Jacquet module S{M(F))u^ of 
coinvariants with respect to U(F). We don't know how to geometrize the whole Jacquet module. 
However, let Vq C Mq be a P-invariant subspace, on which U acts trivially. Set V = Vq{0). We 
have a surjective map of L(i ? )-representations S{M{F))uip\ — > S{V{F)) given by restriction 
under V(F) <^-> M{F). We rather geometrize the composition map S(M{F)) —> S(M(F))urp\ — > 
S(V(F)). ' 

As in 4.2, we have the derived categories D(V(F)), D L ^(V(F)). We are going to define 
natural functors 

J* P ,f P : D G{0) (M(F)) -> D L(0) (V(F)), (28) 

they will preserve boundedness of a complex. To do so, for N + r > consider the natural closed 
embedding ix, r '■ N,rV N,rM. Recall that x,rV = t~ N V/t r V. Consider the diagram of stack 
quotients 

P(0/t N+r )\(N,V) P(0/t N+r )\(N,rM) 4 G(0/t N + r )\( N ,rM) 

I q ^ (29) 

L(0/t N+r )\( N>r V), 
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where p comes from the inclusion P C G and q is the natural quotient map. Using (|29p . define 
functors 

Jp,Jp : ^G(0/t N + r )\N,rM) — > ^>L(0/t N + r )(N,rV) 

by 

q* o Jp[dim. rel(g)] = (i^ tr )*p*[dim. rel(p) - ra] 

q* o Jp[dim. rel(g)] = (i n^Yp* [dim. rel(p) + ra] 

Since g*[dim. rel(g)] : ^Lro/t N + T )(N,rV) — > ^p(o/t N + r )(N,ry) is an equivalence (exact for the 
perverse t-structures), the functors J P ,J P are well-defined. Here we have set a = dim Mo — 
dim Vq. 

Further, Jp, J p are compatible with the transition functors in ([20]) . so give rise to the desired 
functors ([28]) . We underline that Jp, j' p do not depend on a choice of a section of P — > P/U. 
Note also that D o Jp ^ J p o D naturally. 

4.7.2 Due to its importance, recall the definition of the geometric restriction functor gRes^ : 
Sph G — > Sph L from ([5], Proposition 4.3.3). The diagram L P — > G yields by functoriality 
the diagram 

Gr L £ Gr P H Gr G 

The connected components of Giq are indexed by n\{G). For 6 E t^i(G) the component Gr G is 
the one containing Gr G for any A £ whose image in vri(G) equals 6. 

For 9 £ tti(L) let Gr P be the preimage of Gr^ under tp. The following strengthened version 
of ([5], Proposition 4.3.3) is derived from ([23], Theorem 3.5) (cf. also [3], Sections 5.3.27-5.3.30). 

Proposition 3. For any S € Sph G and € tti(L) the complex 

(t P ),(S \ Gl e p )[{e,2(p-p L )\ 

lies in Sph L . The functor gRes^ : Sph G — > Sph L given by 

e (tp)i(.s\ Gl ,w,2(p-ji L )] 

ee-Ki(L) p 

has a natural structure of a tensor functor. The following diagram is 2-commutative 

Sph G Sph L 

t Loc | 

Loc 

Rep(G) R ^ Rep(L) 

□ 

For the purposes of Lemma[5]below we renormalize gRes^ as follows. We let gRes^ : Sph G — > 
D Sph L be given by gRes g(T) = (tp)d* G T. 
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Corollary 2. The diagram is 2- commutative 



Sph G g — >- L D Sph £ 

\ Loc ~\ Loc r 

Rep(G) Rep(L x G m ), 

where kq : L x G m G is the map whose first component is a Levi factor L G, and the 
second is 



Here Z{L) is the center of L. □ 



Write fi = detMo and v = det Vq, view them as cocharacters of the center Z{L) of L. Let 
k : L x G m — > G be the homomorphism, whose first component is ii : L — > G, and the second 
component is 2(p — pl)+/2 — v. Let gRes K : Sph G — > DSph L denote the corresponding geometric 
restriction functor. 

Lemma 5. For T G Sph G ,K G T) b G ^{M(F)) there is a filtration on JPHq(T,K) in the 
derived category such that the corresponding graded complex identifies with 

Ht(gRes K (T),J|,(K)) 

For P = G and a G-subrepresentation Vq C Mq we have canonically 

J* P R^(T, K) Ht (gRes K (T), J* P (K)) 

Proof For si, S2 > let 

S1)S2 P(F) = {p G P(F) | t Sl M CpMC t~ S2 M}, 

it is stable by left and right multiplication by P(O), and Sl:S2 Grp := ( SltS2 P(F))/P(0) is closed 
in Grp. We have a natural map S1)S2 Grp — >■ SljS2 Gr^*, and at the level of reduced schemes the 
connected components of SljS2 Grp form a stratification of Sl)S2 Gr^. Set 

SuS2 Gr L = {x G L(0)\L(F) | t Sl V C xV C t- s ' 2 V} 

The map tp : Grp — > Gil yields a map still denoted tp : SljS2 Grp — >■ SljS2 Gr^. 

Let N, r > 0, assume that Tis the extension by zero from sljS2 Grc, and K G T>G(o){N+s 1 ,r-s 1 M). 
For the diagram 

N , r M £ N , r M x SliS2 Gr G G(0/t N+r ) \ N+Sur - Sl M 
we calculate the direct image 

pri (act* -K" (8> pr*. T) [dim] 
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with respect to the stratification of S1)S2 Gr^ by the connected components of S1)S2 Grp. We have 
the diagram 







N , r V X SuS2 P(F) 


act 
-> 


N+si,r— si V 






4 <?p 


act^p 




N,rV 




N,rV x Sl)Sa Grp 


P(0/t N + r )\ N+Sl , r - Sl V 


4 ijV,r 




4 %N,r xid 






N,rM 


I— 


N,rM x sliS2 Grp 


act^p 


P(0/t^ r )W sl|r _ sl M 






1 




4 p 






N,rM x Sl)Sa Gr G 


G(OA Wr )W +81 ,r- sl M, 



where act sends (m,p) to p 1 m, the map qp sends (m,p) to (m,pP(0)), and is the stack 
quotient under the action of P(Oft N+r ). Moreover, act^p fits into the diagram 

N,rV x sljS2 Gv P "V P(0/t N+r )\ N+sl>r ^ sl V 

4 id xtp 4 1 

»/x sliS2 Gr L L(0/t N + r )\ N +s l ,r-s 1 V, 
Our assertion follows (the shifts can be checked using Remark [1]). □ 

Let 5jj : G m x Mq —> Mq be an action, whose fixed points set is Vq. Assume that 5jj contracts 
Mq onto Vq. We will apply Lemma [5] under the following form. 

Corollary 3. Let K E P G ^(M(F)) be G m -equivariant for 5jj-action on M(F). Assume that 
HJtr(T, K) is also G m -equivariant for Sjj -action on M{F). Assume that K admits a k' ' -structure 
for some finite subfield k' C k and, as such, is pure of weight zero. Then Jp(K) is also pure of 
weight zero, and there is an isomorphism 

J P H£ (T, F) ^ H£ (gRes K (T),J P (K)) 

in B L(0) (V(F)). 

Proof Under our assumptions, J P is the hyperbolic localization functor with respect to the 
<5f/-action on M(F), the assertion follows from ([3], Theorem 2) and Lemma EJ □ 

Remark 2. In our applications 5u will be of the form 5u{x) = v(x)x~ r ', x € G m , where v : G m — > 
L is a cocharacter of the center of L acting on Vq by x i— > x r for some r G Z. If K G Pq^(M(F)) 
is G m -equivariant under homotheties on M(F) then both K and H^T (T, F) are G m -equivariant 
for <5(/-action on M{F). 

4.8 Fourier transform 

Recall the notation fi from Section 4.1. Let us define the Fourier transform functors Four^ : 
B b (M(F)) -> B b (M* ® 0(F)) and 

Four^, : D^ (0) (M(F)) D^ (0) (M* 8) 0(F)) (30) 
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We actually will use the following a bit more general functor. Given a decomposition 
Mq ^ Mi © M 2 into direct sum of vector spaces, one defines the Fourier transform 

Four^ : B b (M(F)) -> D b (M* © 0(F) © M 2 (F)) (31) 

as follows. For N > we have a natural evaluation map ev : n nM\ x n,n(M^ © 0) — > A 1 
sending (m,m*) to Res(m,mi). It gives rise to the usual Fourier transform functor 

Fom> : D b (jv,jvM)^ D b ( NiN Mf © O © tv,7vM 2 ) 

For N' > N these functors are compatible with the transition functors D 6 (jv,jv-^) - ► D 6 (jv',Ar'-&0 
in (I19p . so give rise to the desired functor (|31f) . From the usual properties of the Fourier transform 
we learn that (|3ip is an equivalence of triangulated categories, which preserves the perversity. 

Assume in addition that Mq^- M\ © M 2 is a decomposition of Mq into a direct sum of 
G-modules. Then similarly the usual Fourier transform functors 

Fom> : B b G{0) ( NjN M)^ D b G(0) ( NtN M* © © N , N M 2 ), 

being compatible with the transition functors in (|19p . give rise to the functor 

Four^ : D b G{0) (M(F)) B b G(0) (M^ © Q(F) © M 2 (F)), (32) 

which satisfies the same formal properties. 
Remark 3. The following diagram commutes 

D b G{0) (M(F)) D b G{0) (MZ®n(F)®M 2 (F)) 

\j Four^, J, Four^ 

D fe G(o) (M*©0(F)), 

that is, the composition of two partial Fourier trasforms identifies with the complete Fourier 
transform. 

Lemma 6. The functor A30\) commutes with Hecke operators. Namely, there is an isomorphism 
functorial inT G Sph G and K 6 D G ^(M(F)) 

Four^, H£ (T,K)^ H£ (T, Four^ (#) ) 

Proof 

Step 1. Pick si, s 2 > so that T is the extension by zero from sljS2 Gr^. Pick r, r%,N, N\ large 
enough compared to Sj and K. In particular, we assume 

r - Ni > si + s 2 and ri - N > s x + s 2 (33) 
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Let s > maxjsi + S2,N + r, N\ + r\}. Consider the diagram 

G(0/t s )\ N+Sur _ sl M 

G(0/t s ) \ Nir M £ G(0/t s )\( N , r M x S1>S2 Gr G ) 

t« t 
G(0/t s )\( iVl ,r 1 (M* ® O) x^, r M) £ G(0/P)\( Nl>ri (M* ® Q) x N>r M x S1>S2 Gr G ) 

G((D/t s )\( Nl , ri (M*®n)), 

where the square is cartesian, all the quotients are taken in the stack sense, the action of G{0/t s ) 
on all the involved schemes is diagonal. We have denoted by a and j3 are the projections. 
By our assumptions, 

(T, K) pr, (T ® act* iS K) [dim] 

for a suitable shift. Assuming if G D^,^^ -M) with -ZVj,ri sufficiently large with respect to 
iV, f, we get 

Four^(H^(T, if)) 0i(ev*C^ a*H G ~(T, K))[dim. rel(a)] 
Here e« : G(0/t 8 )\( Nl , ri ( M * <g> n) 

x 7\r,r ^W) — * A 1 is the evaluation map, it is correctly defined 
because r — N\ and r\ — N are nonnegative. 
Consider the diagram 

G(0/f)\ ff+Sl ,_ Sl M 
fa' 

G(0/t s )\( Nl>n (M* ® 0) Xjv , r M x SliS2 Gr G ) ac -V G(0/t s )\(jv 1+S2 , ri _ a2 (M* ® 0) Xjv+Sl , r _ Sl 
4 4/3' 

act' 

G(0/r)\( Nuri {M* ® 0) x SUS2 Gr G ) -T G(C/t s )W 1+S2 , ri _ S2 (M* fi) 

4pr' 

G(C/t s )W liri (M*®fi) 
where a', /?', pr' are the projections. The square in the above diagram is not cartesian, write 

b-.y^ G(0/t s )\( Nl+S2iri _ S2 (M* ® fi) x w+si , r _ si M) 
for the map obtained from act' by the base change /?'. Then 

G(0/t s )\( Nuri (M* ® O) Xjv , r M x SliS2 Gr G ) ^ y (34) 
is naturally a closed substack. Let 

ev : G(0/t s )\(j Vl+S2 ,r 1 - S2 (M* ® 0) x N+Sl , r _ Sl M) -)■ A 1 
be the evaluation map, it is correctly defined due to (I33|) . By our assumptions, 

Four v ,(K)^/3[(ew*£ v , ® c/*K)[dim. rel(a')] 
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and 

H^(T,Four^(i^))^ pr|(r ® (act'^J* Four v ,(K))[dim] 

Since N, r are large enough compared to N,f, it follows that b*(a')*K is the extension by zero 
under (|34p . The desired result follows now from the base change theorem. □ 

Note that for the functor (|3"0j) we have Four^(Io) — > Iq canonically. 

4.9 Extensions of actions 

Let G be a connected reductive group, P and P~ two opposite parabolic subgroups in G with 
common Levi subgroup L = P n P~ . 

Lemma 7. Let Y 6e a scheme (of finite type over k) with a G-action. Then we have a diagram 
of equivariant categories of perverse sheaves 

P P (Y) c P L (Y) 

u u 

P G (Y) C Pp-(Y), 

where all the functors are fully faithful embeddings. Moreover, Pp(Y) n Pp-(Y) = Pq{Y), that 
is, if an object K € Pl(Y) lies in both Pp(Y) and P P -(Y) then K G Pg{Y). 

Proof The natural maps between the stack quotients Y/L —> Y/P — > Y/G are smooth of fixed 
relative dimension, surjective, and have connected fibres. By ([9], Lemma 4.8), they induce the 
corresponding fully faithful embeddings of categories. 

Now assume K is an object of Pp(Y) n Pp-(Y). Let W be the image of the product map 
m : P x P~ — > G. We have a diagram 

Fx P xY a 4' Y 

\. mxid J, id 

w x y ac -^T y, 

where act' sends (pi,pi,y) to pxViV- The map m : P x P~ — > W is smooth and surjective with 
connected fibres. So, by loc.cit., the equivariance isomorphism (act')*if — Kl X descends to 
an isomoprhism act^ K M K over W x Y. 

Further, the product map mw : W x W — > G is smooth and surjective with connected fibres. 
Indeed, any fibre of mw is isomorphic to zPP~ n for some z£G. The latter intersection 
is connected, because it is open in G. So, for the action map actwxw '■ W x W x Y — > 
Y the equivariance isomorphism act^y xW K ^ M K descends to the desired isomorphism 
act* K^Q e M K over GxY.D 

Now assume Mq is a finite-dimensional representation of G, set M = Mq (g>fc O. Let U be 
the unipotent radical of P. The following result will be used in Section 6.2. 
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Lemma 8. i) We have a diagram of fully faithful embeddings of categories 



P P(0) {M(F)) C P L{0) (M(F)) 

U U 
P G (0)(M(F)) C P P - [0) {M(F)), 

The intersection P P(0) (M(F)) n P P - {0) (M(F)) inside P L{0) {M(F) equals P G{0) (M (F)) . 

ii) We have fully faithful embeddings P L{0) (M(F)) C P{M(F)) D P U(0) (M(F)). The intersec- 
tion P L{0) {M{F)) n P U[0) {M{F)) equals P P(0) (M(F)). 

Proof i) Given N, r > 0, by ([9], Lemma 4.8), we get a diagram of fully faithful embeddings 

Pp{0/t s ){N,rM) C PL(0/t s )(N,rM) 

u u 

PG(0/t»)(N,rM) C Pp-( / tS )(jv,r^) 

with s = iV + r. Let A" be an object of Pp^^s^^^M) n Pp-iQu s \^N,rM). 

Let m : P x P~ — > W and m:Wxlf->Gbeasin Lemma [71 The induced maps 
m : P(0/t s ) x p-(0/t s ) -> W(0/t s ) and m : W(0/t s ) x W(0/i s ) G(0/t s ) are again 
smooth and surjective. Indeed, if Y± — > Y2 is a smooth surjective morphism of affine algebraic 
varieties, A is an Artin fc-algebra then Y±(A) is a scheme, and the induced map Y±(A) — > Y2(A) 
is smooth and surjective. As in Lemma [TJ one shows now that K G Pq^jis^^^M). The first 
assertion follows. 

ii) Given N, r > as above for s = N + r one gets a diagram of fully faithful embeddings 

P L {0/t°){N,rM) C P{ N ,rM) D P U {0/V){n,tM) 

If AT G PL(Olt 3 )i.N,rM) n PurQ/ ts \(N,rM) then the equivariance isomorphisms for L and C/ yield 
an isomorphism a*K^Qe M K, where a : L{0/t s ) x U(0/t s ) x N >r M — >■ Ar /r M is the map 
sending (g,u,m) to gum. The product induces an isomorphism L(Oft s ) x U((D /t s )^> P(0/t s ), 
so A lies in the full subcategory Ppjo^j^rM) C P(7v jr .M). Our assertion follows. □ 

5. Geometric model of the Weil representation of GL m x GL n 

5.1 Let Uq = k m , Lq = k n be the standard fc-vector spaces of dimensions m and n. For Section 5 
we let G = GL(L ) and H = GL(U Q ). Let n = U g) L . 

Set U = U (O), L = Lq(P) and II = n (O). Let T G C B G C G be the torus of diagonal 
matrices and the Borel subgroup of upper-triangular matrices. We identify A G —> Z n in the usual 
way. Write cDj G Ag be the h.w. of the representation A l Lo of C The objects Tjj C C are 
defined similarly for H. By some abuse of notation, cDj G A^ will also denote the h.w. of the H- 
representation A 1 Uq. Keep the notations of Section 4, in particular we write NjT U = t~ N U/t r U, 
and Jo is the constant sheaf on o,olT 

We are going to describe the submodule over Sph G (resp., over Sph^) in D^ GxH ^ ^(Il(F)) 
generated by Iq. Assume m>n. 
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Let U% (BU2^Uq be the direct sum decomposition, where U\ (resp., U2) is generated by the 
first n (resp., last m — n) base vectors. Let P C H be the parabolic subgroup preserving U\, 
Uh C P be its unipotent radical. Let M = GL(U\) x GL(C/ 2 ) C P be the standard Levi factor. 
Let k : G x G m — > H be the composition 

GxG m 4 G x GL(U 2 ) = M^H 

Write gRes K : Sph^ — > D Sph G for the functor corresponding (in view of Loc and Loc r ) to 
the restriction Rep(iJ) — > Rep(G x G m ) with respect to k. Here is the main result of Section 5. 

Proposition 4. The two functors Sph^ —¥ D^ GxH ^q^(II(F)) given by 

T^H^(T,/ ) and T^H^(gRes K (T),/ ) (35) 

are isomorphic. 

Let N, r G Z with N + r > 0. Think of u G 11(F) as a map u : U*(F) -> L(F). For u G Ar, r n 
let C4, jr = u (XT'*) + f L, this is a ©-lattice in L(F). For A G satisfying 

(-Wq(X),ui) < N and (A,£>i)<r (36) 

let A.rll C Ar, r n be the locally closed subscheme of those v G 7v, r n for which t an L/(v(U*) + t ai L) 
is isomorphic to 0/t ai ~ a " ® . . . © o/t an ~ a ™ as O- module. Here A = (a\ > . . . > a n ). In other 
words, for v G N,r^l we have v G A.r-II iff U VjT G Grj^. 

One checks that the G(0) x ff (O)-orbits on 7v jr n are exactly A.r-II for A G A^ satisfying 
(|36p . The fact that the set of (G x ff)(C)-orbits on 7v ir n is finite also follows from (|13j. 
Theorem 3.2.1), because Ho is a spherical G x H- variety. 

Given A G A^ let now N = (-w$ (X) , u)\) and r = (A,cDi). By 4.4, R g (Iq) G D(Gxff)(0)(-N>n). 
Define the closed subscheme aH C tvH as follows. A point v G atH lies in aH iff for i = 1, . . . , n 
the map 

A^^(A*L)Ht0o(A),ai)) 

is regular. The scheme aH is stable under translations by t r U((D), so there is a unique closed 
subscheme A,r-n C Ar, r n such that aH is the preimage of A,r-n under the projection aTI — > N,r^- 
Under our assumptions the map ([26]) factors as 

o ir nxGrg — > A,rn m> 7v )r n 

Proposition 5. For A G Aq we have a canonical isomorphism Hq(Jo) — V IC(A )r n°) with the 
intersection cohomology sheaf of \ :r H° ■ 

Proof Note that A,r-n° C A,r-n is an open subscheme. The map o,rIIxGrg A- A,rH is an isomor- 
phism over A,T-n°, in particular dimA, r n° = rnm + (A, 2pc — mui n ). 
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The scheme A,rII is stratified by locally closed subschemes ^, r n°, where p G satisfies (f36|) 

and 

{w$(\-n),&i) <0 (37) 

for i = 1, . . . , n. Further, o,rIIxGr G is stratified by locally closed subschemes o.r-IIx Gr G with 
p G Aq, p, < A. Let us show that 7r is stratified small (in the sense of [23]) with respect to these 
stratifications. 

Let p G Aq satisfy ([35]) and ([57) . take u G Mir II . Let F be the fibre of vr : o.rllx Gr G -> A.rll 
over f . We must show that 2 dim!" < (A — 2/5 G — rnu n ). 

From ([3T|) it follows that (A — p,u) n ) < 0. So, to finish the proof it suffices to show that 
2 dim Y < (A — p, 2p G — noj n ). 

The scheme Y classifies O-lattices L' C L(F) such that V G Gr G and U v r C L', Stratify Y 
by locally closed subschemes Y T indexed by r G A G , which are very positive. We call 

r = (6i > . . . > b n ) 

very positive iff b n > 0. By definition, the subscheme Y T classifies L' G Y such that U v r is in 
the position r with respect to V . Now by (|23j. Lemma 4.4), if Yr is nonempty then 

dim Y T < (X + t — p, pc) 

So, we have to show that (r, 2/5 G ) < (A — p,—nuj n ). The formula for virtual dimensions 
dim(L/Z/) + dim(L'/L^ )T .) = dim(-L/f7„ ir ) reads (r + A — fJL,u) n ) = 0. Thus, we are reduced 
to show that 

(T,ncb n -2p G )>0 (38) 
This inequality follows from the fact that r is very positive, because 

nuj n - 2p G = (1, 3, 5, . . . , 2n - 1) 

is very positive. Moreover, the inequality (|38j) is strict unless r = 0. Since r = iff A = p, we 
are done. □ 

Corollary 4. The functor Sph G — > ~D^ GxH ^q^(H(F)) given by T i— > H G (T, /o) tafces values 
in P(G X //)(o)(n(F)). TTie corresponding functor 

s P h G ^p (GxH)(0) (n(F)) 

zs /uZZy faithful, its image is the full subcategory P s ^ xH ^ ^(U(F)) of semi-simple objects in 

(n(i0)- 

wj For any A G A^ we /icwe Ext( GxH)(o) (IC(A, r n ), IC(A, r n )) = 0. 

Proof For A G A G let r = (A, oj\) and A" = (— Wq (A), wi). Pick s > AT + r. The stabilizor, say A', 
in (GxH)(0/t s ) of a point of A^n is connected. So, the irreducible objects of P( Gx H)(0)Q^-(F)) 
are exactly IC(A jr n°), A G A G . Part i) follows. 
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We have a canonical equivalence P^GxH)(o)(x,r^°)—^PK{Speck). By (|SJ, Lemma 4.8), the 
connectedness of K implies that P^(Spec/c) is equivalent to the category of vector spaces. If 
— > IC(A, r n°) — >• K, — > IC(A jr n°) — )• is an exact sequence in P(GxH)(o/t s )(N,r^) then /C is the 
intermediate extension from \, r H°. Part ii) follows. □ 

Remark 4. i) As in Section 4.5, one may strengthen Corollary HI) saying that the functor T i-> 
Hq (T, Io) takes values in the category P(Gxif)(o)xAut e>(n(L)). The functors in Proposition 0] 
may also be seen as taking values in the Aut (O)-equivariant version of the corresponding derived 
category. 

ii) The category P(gxH)(o) (n(i ? )) is not semi-simple in general. To have an example, take 
n = m = 2 and A = (1,0). Let Y C o,in be the support of IC(a,iII ) then diml" = 3 and 
dimo,iII = 4. The restriction to Y yields a nontrivial map Io — > IC(a,iII )[1] in D(GxH)(o) (o,iII). 

Proof of Proposition [^] 

Step 1. Assume first n = m. Interchanging Uq and Lq, one derives from Proposition [5] that the 
functors Rep(GL n ) P(GxH)(0)( n -( F )) given by 

V^U%{V,I ) and V^R^(VJ ) 

are isomorphic. For n = m we are done. 

Step 2. For m > n consider the Jacquet functors 

Jp ■ D(GxH)(o)(n(F)) -)■ T> {GxM ){o){Ui ® L (F)) 

We have Jp(Io) — > Iq canonically. The action of GL(£/2) on U\ <S> Lq is trivial, so S G Spli^m^ 
acts on J G T>(GxM)(<D){U* ® L o( F )) as 

Hgl (C / 2 ) (5, Io) io ® Rr(Gr GL(%) , S) 

As a representation of H, det(J7o <S> Lo) is the character ncD m G A^. As a representation of M, 
det(Lq ® Lo) is the character nCb n G A^. Thus, let k± : GL([/i) x G m — >• ff be the composition 

GL(C/i) x G m ^ J M^H, 

where i : GL{U\) M is the natural inclusion. Let gRes Kl : Sph^ — > D SphgL^-j be the 
corresponding restriction functor. From Corollary [3] we get for T G Sph^ an isomorphism 

J£H£(T, I ) ^ H£ hm (gRes^ (T) , J ) 

Let K2 : G x G m — > iJ be the map obtained from k\ via the canonical identification 
GL(L r i)^>G. By Step 1, we have an isomorphism 

H^ L(c/i) (gRes K1 (r),/o)^H G -(gRes K2 (r),/ ) 
in D (GxM)(C)) (L r i <g> Lq{F)). 
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Further, we may think of J P as the Jacquet functor corresponding to the parabolic subgroup 
P x G of H x G. As a representation of G, det(C/o §3 -^o) ® det(U\ ® £o) _1 is the character 
(m — n)a) n G AJ. So, let k 3 : G x G m — >■ G x G m be the map, whose second component 
G x G m — > G m is the projection, and the first component is 

G x G m G 

Write gRes K3 : D Sph G — > D Sph G for the corresponding geometric restriction functor. By 
Corollary [31 for S G D Sph G we get an isomorphism 

J P R£ (S, Jo) (gRes* 3 (5) , / ) 

in D((5 X jvf)(o)(C/i (g> Lq(F)). From Corollary d] we conclude that 

= DPg, xfl)(0) (n(F)) -> DP^ L(l/l)xG)(0) (C7i ®L (F)) (39) 

is an equivalence. The equality 

2/5// - 2/5 GL ( [ / 1 ) - 2 / 9 GL ( C / 2 ) + nw m - mw„ = 

shows that the composition G x G m ^iGx G m A equals k,2- 
Summarizing, for T G Sph# we get an isomorphism 

J* P R^(T, Iq) J£H^(gRes K (T), 7 ) 

in D((3 xA ^)(e))(J7i ® Lo(-F)), and (|39|) garantees that this isomorphism can be lifted to the desired 
isomorphism of functors (|35p . □ 

We will need the following version of Proposition |4l Set IIi = Uq <8> Lq. Recall the functor 
* : Sph(H)^ Sph(H) from Section 2.2.1. 

Corollary 5. The two functors S~ph H — > D/ Gx m(o)(IIi(F)) given &y 

T^H^(*r,/ ) = H^(T,/ ) and r^H^(gRes K (T),/o) 
are isomorphic. □ 



6. Geometric model of the Weil representation of S0 2m x §p 2n 

6.1 Let Uq = k m , Lq = k n . Set Vo = Uq © C/q , we equip it with the symmetric form Sym 2 Vo — >• k 
as in Section 3.2. Set H = SO(Vb). 

Let Ph C H be the parabolic subgroup preserving f7o, Uh C P// be its unipotent radical. 
Write Q// = GL(C7o) — > GL m for the standard Levi factor of Pjj- We equip it with the maximal 
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torus Th of diagonal matrices and the Borel subgroup of upper-triangular matrices (its preimage 
in Ph is a Borel subgroup, which yields our choice of positive roots). 

Set Mq = Lq © Lq, we equip it with the symplectic form A 2 Mq — > k arising from pairing 
between Lq and Lq, so Lq and Lq are lagrangian subspaces in Mq. Set G = Sp(Mo). Let 
Pq C G be the parabolic subgroup preserving Lq, Uq C Pg its unipotent radical. Write 
Qg = GL(Lo)^ GL n for the natural Levi factor of Pg- We equip Qg with the maximal torus 
Tg of diagonal matrices and the Borel subgroup of upper-triangular matrices (the preimage of 
the latter in Pg is a Borel subgroup, which yields our choice of positive roots). 

Keep the notation of Section 4, in particular, O = k[[t]] and f2 is the completed module of 
relative differential of O over k. Set L = L o (0), U = U (O), V = V (O) and M = L © L* <g> 0. 
The isomorphism O^VL sending 1 to dt yields an isomorphism of group schemes G^> Sp(M) 
over SpecC So, we offen think of G as the group acting on M. 

Set T = L* © V © n and II = U* © M. 

Remark 5. In general, Lq © Vo is not a spherical Qg x LLvariety. By ([T5], Theorem 3.2.1), in 
this case the set of Qg{0) x H (O)-orbits on T(F) is not countable. Indeed, already for the 
open Qg x LT-orbit (Qg x H)/R in Lq © Vb, the set of i?(L)-orbits on Giq gX h is not countable. 

Similarly, in general Uq ©Mo is not a spherical Qh x G- variety, and the set of Qh{0) x G(0)- 
orbits on H(F) is not countable. 

6.2 As in Section 3.2, we define the functor 

C : D (Q G xQ H ) ( o)(TW)^ DJ QhxQg)(0) (II(L)) (40) 

as the partial Fourier transform (|32p with respect to the decomposition T(L) ^> L* ® U® Q(F) © 
L* ©[/* ©ft(L). 

Definition 4. The Wei/ category for Gx H is the category Weil^i^ of triples (J~i, T%, /?), where 
Ji G P(q gxH)(c , ) (T(L)), J" 2 G P ( Q HxG)(cl) (n(F)), and /3 : CC/C-^i))^/^) is an isomorphism 
for the diagram 

P(Q G xif)(0)(T(F)) P (QHxG)(0) (n(L 1 )) 

4/ 4/ 

(T(F)) 4 P (QhxQg)(0) (II(F)), 

where / are forgetful functors. Write 

f G : Weil G ,^ -> P (0HxG)(o) (n(F)) and / H : Weil G ,^ -> P (QgxH)(C?) (T(F)) 

for the functors sending ( T\ , Ti , (3) to T?, and J 7 ! respectively. Write D Wei\c,H for the category 
obtained by replacing in the above definition P by DP everywhere. 

By ([9], Lemma 4.8), both functors / in the above diagram are full embeddings, and their 
image is stable under subquotients. It follows that Weilc^ is abelian, and both Jg and fn are 
full embeddings. Write Weilg H C Weilc,// for the full subcategory of semi-simple objects. We 
write 

DWeil^ C DWeil Gijff 
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for the full subcategory of objects of the form (Bi£iKi[i] with Ki G Weil S Q H for all i. 

Since C(Jo) ~*Io canonically, Iq is naturally an object of Weil G H . Combining the decomposi- 
tion theorem ([2], Corollary 5.4.6) with the fact that G and //-actions in the Weil representation 
commute with each other, one gets the following. 

Proposition 6. There exist natural functors D Sph G — > DWeil^f^ and D Sph^ — > DWeilg^ 
such that the diagrams commute 

DSph G ->■ DWeilg^ BSph H DWeilg;^ 

\ «G i fa \ a-H i Sh 

DP^xG)(a)(n(^)) DP^ xH)(0) (T(F)) 
//ere i/ie functor a G (resp., an) sends T to K G (T,Io) (resp., to H| J : (T, Io))- 

Proof The arguments for both functors being similar, we give a proof only for the second one. 
Given T G Sph^, by decomposition theorem H|^(T, Io) € B(q g xH)(0)C^(P)) identifies with the 
direct sum of its (shifted) perverse cohomology sheaves. It suffices to show that each perverse 
cohomology sheaf K of C(/H^(T, Io)) actually lies in the full subcategory P^q hxG ^ c> ^(II(F)) 

ofp (QHxQ G) (o)(n(F)). ' 

Denote by P G C G the parabolic subgroup preserving Lq, write U G for its unipotent radical. 
By LemmaEl it suffices to show that K admits a U G {0) and U G (O)-equivariant structures. For 
v € T(F) write sc{v) for the composition 

Sym 2 L(F) Sy ^'° Sym 2 {V ® Sl)(F) -> ft 2 (F) 

Let Char(T) C T(F) be the ind-subscheme of d G T(F) such that s,c(f ) : Sym 2 L — > f2 2 is 
regular. The L^G(0)-equivariance of is equivalent to the fact that (^~ 1 (K) is the extension 
by zero from Char(T). But the complex H|^(T, Io) itself satisfies this property, so its direct 
summand also does. 

To get a U G (O)-action on K, consider the commutative diagram 

F (QgxQh)(0)( T ( F )) -»• P (QijxQ G )(0)(n(F)) 
\ Four,/, ^ Ci 

nQ G xQ ff )(o)(^®^(^)), 

where (j is a partial Fourier transform (with respect to ip), and Four^, is the complete Fourier 
transform (cf. Remark [3]). By LemmaEl 

CiC(/H£(T,/ ))^ Four4/H£(T,I ))^/iH£(r,I ), 

where we have denote by fi : P^ QgxH ^ )(L <g> F(F)) ->■ P(q gX q h )(o) (£ ® V"(F)) the forgetful 
functor. 

Let Char(L ® C L V(F) be the ind-subscheme of v G L <g> F(F) such that the 

composition Sym 2 L* y -^> " Sym 2 V(F) — >• F factors through O C F. Note that 

H£(T,/o)eP(Q G xff)(o)(£®nF)) 
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is the extension by zero from Char(L (g) V(F)). The U G (O)-equivariance of K is equivalent to 
the fact that Ci{K) 1S the extension by zero from Char(L <g> V(F)). We are done. □ 

Remark 6. As in Section 4.5, one may strengthen Proposition [6] saying that the functors ao, an 
actually take values in the Aut (O)-equivariant versions of the corresponding categories. 

By abuse of notation, we simply write Hg(T, Iq) G DWeilg^ (resp., H#(T,/o) £ DWeil^) 
for T € D Sph G (resp., T G D Sph H ). 

Recall the definition of the homomorphisms k from Section 2.4.2. For m < n we have 
k : H x G m —7- G. We write gRes K : Sph G — > D Spli^- for the corresponding geometric restriction 
functor. 

For m > n we have k : G x G m — > H. Write gRes K : Sph^ — > D Sph G for the corresponding 
geometric restriction functor. 
Here is our main local result. 

Theorem 7.1) Assume m < n. The functors Sph G — > DWeilff ^ given by 

5^H^(5,/ ) and S t-> H^(* gRes K (5), J ) (41) 

are isomorphic. 

2) Assume m > n. The two functors Sph^ — > DWeilff ^ given by 

T^H£(T,/ ) and T^H^(gRes K (*T),/ ) (42) 

are isomorphic. 

The proof will be given in Section 6.4. 

6.3.1 In this subsection we assume m < n and analyse the action of Sph^- on D^q gxH ^ ^(T(F)) 
in more details. 

Write V x for the irreducible //-module with h.w. A G Alt. For 1 < i < m let dj G A^ denote 
the h.w. of the //-module A 1 Vq. Recall that 

is a direct sum of two irreducible representations, this is our definition of a m ,a' m . Say that a 
maximal isotropic subspace C C Vq is a m - oriented (resp., a' m - oriented) if A m £ C F"™ (resp., 
group H has two orbits on the scheme of maximal isotropic subspaces in Vo 
given by their orientation. 

For v G T(/ ? ) let sjr{v) : Sym 2 L — > £l 2 (F) be the composition 

Sym 2 L Sy ^ v Sym 2 {V®fl)(F) -> ft 2 (F) 

For A G A^ let iV = (A, di), define a closed subscheme aT C atT = t~ N T as follows. A point 
f S j\rT lies in \T iff the following conditions hold: 
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CI) sc(v) : Sym 2 L ->• SI 2 is regular; 

C2) for 1 < i < m the map A*L (fi* <g> A*F)((-u>o(A), dj)) is regular; 

C3) themapA m L m 4 m (ft m ® V &m )({-w (X), a m )) (fi m ® V & ™){{-w (\), a' m )) induced 
by A m t> is regular. 

The scheme \T is stable under translations by -atT, so there is a closed subscheme a,atY C jv,jvT 
whose preimage under the projection j^T — > n,nY is \T. 

As in Section 4.4, we have a map 7r : o.TvTxGr^ — >■ n,nY, it factors through the closed 
immersion \,N^ N,N*£, and 

H^(/o)^7r,(Q^^)[dim ,ivT] G D (QgxH)(0) (a^T) 

Let Char(T) C T(F) be the ind-subscheme of v G T(F) satisfying CI). Note that Char(T) 
is preserved by the .ff (F)-action. For v G Char(T) let L v = v(L) + V <g> and 

L^" = {t> G y <g> O | (u, u) G O 2 for any u G L„} 

Let V v C V(F) be defined by V v <8> ^ = + L^, then 14 is an orthogonal lattice in V(F), 
that is, a point of Gr#. We stratify Char(T) by locally closed subschemes AChar(T) indexed 
by A G A+ . Namely, for v G Char(T) we let v G A Char(T) iff V v G Gr^. 

We have \ Char(T) C a" 1 *. Moreover, for N = (A, a±) there is a unique open subscheme 
a,atT° C ^jvT whose preimage under the projection \T — > x,N^ identifies with a Char(T). 

Write IC(A,ArT°) G P(q gX h)(o)(n,n^) for the intersection cohomology sheaf of a,atY°. 

Lemma 9. Assume m < n. 1) The map 

it : o.jvTxGr^ -> a ,atT 

is an isomorphism over the open subscheme A,AfT°. So, dimA^T = 2Nnm+ (A, 2{>h)- 
2) For A G we have H^(7 )— > IC(a,atT°) canonically. 

Proof 1) The fibre of ir over v G a^Y is the scheme classifying orthogonal lattices V C V(F) 
such that V' G Gr^ and v(L) C^0O. Given such lattice V', the inclusion v(L) + V <g> $7 C 
V' <8) + V (8) must be an equality, because for V G Gr with \i < A we get 

dim(V + F)/y = e(/x) < e(A) = dim(v(L) + V <8> fi/V ® 0) 

We have set here e(/i) = max{(/^,d m ), (^,6^)}. Thus, 14 G Gr^ is the unique preimage of v 
under ir. The first assertion follows. 

For the convenience of the reader recall that T# ^ G™ is the torus of diagonal matrices in 
GL(f7 ), and 

A+ = {n = (oi > . . . > a m ) G Z m | a m _! >| a m |} (43) 
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In these notations one may take a m = (1, . . . , 1) and a' m = (1, . . . , 1, — 1). So, if /i = (ai, . . . , a m ) £ 
Ajj then e(//) = oi + . . . + a m _i+ \ a m \. 

2) Prom 1) we learn that IC(a.atT°) appears in H^(/o) with multiplicity one. So, it suffices to 
show that 

Hom(H^(/o),H^(/ )) = Q< J 
where Horn is taken in the derived category D^q gxH ^ ^(Y (F)) . By adjointness, 

Hom(H^(/ ),H^(/ ))^Hom(H- M ' o(A) H^(/o),/o)- 

So, it suffices to show that for any A € with A / one has Hom(H^(/o), ^o) = m 
^(Q G xfl)(C)(^(^))' As aDove ) set N = (A, We will show that 

Hom(H^(/ ),/ ) = 

in D (Q G x^)(CA d )( 7V ' ArT ( i? ^ f ° r d large enou g n " 

Let i : o n¥ — > n,nY denote the natural closed immersion. Recall that Iq = i\p'Qe[— 2Nnm] 
on n,nY, where p : o,ivY — > Spec A; is the projection. By adjointness, we are reduced to show 
that 

Rom( Pl i*H^(Io)[2Nnm],q e ) = 

in D(q gX #)(o/td)(Spec k). It suffices to show that p\i*H x { (lQ)[2Nnm] is placed in degrees < 0. 
Denote by y x the preimage of o,nY under 

7r : o.ArTxGr^ -> n,nY 

Then y x is the scheme classifying V € Gr H and v € 0:N Y such that v{L) c (V'/t N V) g> Q. 

Stratify 3 ;A by locally closed subschemes 3^ A,M indexed by /i G with fj, < A. The subscheme 
3 ;A,M C is given by the condition V' € Gr^. 

Recall that H^(/o) = t^\{Iq & where Iq MA^ is perverse. It remains to show that for 
each stratum y x ^ the complex 

RT c (y x ^,(I MA x H ) \ y x,,)[2Nnm] (44) 

is placed in degrees < 0. The key observation is that the map y^ -> Gr^ sending (v, V) to 
V' is a vector bundle, its rank equals n(2mN — e(/i)). Here e(/i) is the expression defined in 1). 
Indeed, for any lattice V' € Gr^, the fibre of this vector bundle over V' is 

Hom (L, ((V n V)/t N V) Q) 

and dim k (V/(V n V)) = dim(y + V')/V = e(/i). So, (JHD identifies with 

RT c (Gr^^| Gr M)[2ne(M)]. (45) 
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By definition of the intersection cohomology sheaf, |g r M has usual cohomology sheaves 
in degrees < — (p,2pH), and the inequality is strict unless p = A. So, (|45|) is placed in degrees 
< (n,2pfj) — 2ne(p), and the inequality is strict unless p = A. 

One checks that for any r € we have (r, 2pn) — 2me(r) < 0, and the inequality is strict 
unless r = 0. Our assertion follows, because n > m. 

For the convenience of the reader note that in the notation (|43p for r = (a\ > . . . > a m ) € 
one gets 

(r, 2pn) — 2me(r) = — 2a\ — 4a2 — ... — (2m — 2)a m _i — 2m | a m \ 

□ 

Write V for the composition of functors 

J* 

DWeil G ,H ^ DP WGXff)(0) (T(F)) % V\ QgxQh){0) {U ® L* ® Sl{F)) 

Let feo C A; be a finite subfield. Assume that all the objects of Section 6.1 are defined over ko. 

Set O = MM] and F = M(*))- 

Write DWeilc,H,k for the category of triples (J 7 !, J-2,/3) as in Definition [H where now 

Fl € Db (QGxH)(Oo)( T ( F °^> ^ € D (Q ff xG)(C9 () )( n ( i? o)) 

are pure complexes of weight zero, and and /3 : Cifi^i)) ~> /(^b) is an isomorphism as above 
(it is understood that (|4"0|) is normalized to preserve purity). Let WeilG : H,k C DWeilG : H,k be 
the full subcategory given by the condition that T% is perverse. 

We have a natural functor l : DWeilG : H,k DWeilc/f that restricts to i : WeilQ t H ko — > 
Weil G;H . 

Note that any object of Weilf? h is Gj m -equivariant with respect to the homotheties on 
L* ® V <g> ^(i 7 ), because it is equivariant with respect to the action of the center of Qg(0). 
Write 

V : BWeil G ,H,k D(Q g xQh)(Oo),^(^ ® ^* ® (46) 
for the natural lifting of the functor V, here we have denoted by 

D (QoxQh)(O ),™^ ® ® O(F )) C D^ gxQj/)(O0) (C7 ® L* n(*b)) 

the full subcategory of mixed complexes ([2], 5.1.5). By Corollary [31 if K € DWeilc^^g then 
TV-^O is pure of weight zero. The Grothendieck group of ^\Q GX Q H )(o ),mixed( U ® ^* ® ^C^b)) 
is denoted by Remind that if^ is Z-graded by weights, and its component of weight i is a 
free abelian group with base consisting of irreducible (Qg x Q_f/)(0o)-equivariant pure perverse 
sheaves of weight i on U <8> F* ® fi(-Fo)- 

Proposition 7. Fori = 1,2 ZeiJQ 6 DWeil G)Hjfeo . IfVo(Ki) = V (K 2 ) inK' ko then l(K x )^ l(K 2 ) 
in DWeilG,H- 
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Proof Write Kk for the Grothendieck group of the category DWeilo, H,k ■ It is Z-graded by 
weights, and its component of weight i is a free abelian group with base consisting of triples 
(.7-1, as in the definition of WeilG,H,fc such that Fj is an irreducible perverse sheaf pure 

of weight i. By CorolaryHl 

P t S QcxQ H )(0)(U®L*®n(F)) (47) 

identifies with Sphg^ (resp., with SphQ ) for m < n (resp., for m > n). All the objects of the 
latter category are defined over ko and as such are pure of weight zero. 

The functor (j4"6l) yields a homomorphism Jp H : K^ — > K' ko . Let us show that it is injective. 
Let F be an object in its kernel. For any finite subfield ko C k\ C k we have the Q^-vector 
space yVeW.G,H (ki) introduced in Section 3.2. The map tr^ trace of Frobenius over k\ fits into 
the diagram 

J, tr fcl J, tr fel 

>Veil G)jff (A;i) 4 Funct fcl , 

where Funct/^ is the non ramified Hecke algebra 1-L{Qh) (resp., T-L(Qg)) of Qh for m < n (resp., 
of Qg for m > n). By Proposition [21 the low horizontal arrow is injective. So, tr/^F) = 
for any finite extension ko C k\. By a result of Laumon (|20j. Theorem 1.1.2) this implies F = 
in Kk - Since Ki is pure of weight zero, the semi-simplifications of K\ and K2 are isomorphic 
in D yV&lG,H,ko W Remark [7] below, and l(Ki)^ l(K 2 ) in DWeUcH- □ 

Remark 7. Let Y be a scheme of finite type over ko and K\,K2 pure complexes of weight zero 
in D 6 (Y). Write K mixe( i(Y) for the Grothendieck group of the subcategory D b mixed {Y) C T) b (Y) 
of mixed complexes. If K\ = K2 in K m i xe( i(Y) then the semi-simplifications of K\ and K2 are 
isomorphic in D b (Y). Indeed, K m i xec [(Y) is Z-graded by weights, and its component of weight i 
is a free abelian group with a base consisting of irreducible perverse sheaves pure of weight i on 
Y. 

Conjecture 1. Assume m < n. The irreducible objects of Weilc^ are exactly lC(x : ^T°), 
A G A^. The functor T i-> H#(T, Iq) yields an equivalence of categories 

Sph H Weil^ s )H 

6.3.2 In this subsection we assume m > n and analyse the action of Sph^ on D(q h (11(F)) 
in more details. 

Let uji G A^ be the highest weight of the fundamental representation of G that appear in 
A l M (all the weights of A i M are less of equal to Wj). For u G 11(F) write su(v) : A 2 U(F) -> 
0(F) for the composition 

A 2 f/(F) ^ A 2 M(F) -»■ 0(F) 

Write Char(II) C 11(F) for the ind-subscheme of v € n(F) such that su(v) : A 2 £7 — > Q is regular. 

For A G Ag let A = (A, tDi), define the closed subscheme ^11 C atII = t~ N H as follows. A 
point v G atII lies in aII if the following conditions hold: 
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CI) v G Char(n); 

C2) for i = 1, ... , n the map A'C/ (A i M)(-(w (A), Wj)) is regular. 

The scheme aII is stable under the translations by t II, so there is a closed subscheme 
a,atII C n,n^I such that aII is the preimage of a,atII under the projection at II — > jv,jvII. As in 
Section 4.4, we have a map 

tt : o.ArllxGrg -»• 7v iA rn (48) 

and, by definition, 

H^(/o)^vr ! (Q^^)[dim ,7vn] G D Wj?xG)(0) (^nl 

Since all the weights of the G- module A 1 Mo are less or equal to u>i, the map (|48p factors through 
the closed subscheme a.atII ^ at, at II. 

For v G Char(n) let [/„ = v(U) + M and 

= {m G M(F) | (m, mi) G SI for any m\ G 

Let M v = v{U) + U„. Note that U v /U^~ is naturally a symplectic vector space, and M v /U^~ C 
U v /Uv is a lagrangian subspace. So, M„ C M(F) is a symplectic lattice, that is, M v G Gyq. 

Stratify Char(II) by locally closed subschemes a Char(II) indexed by A G Aq. Namely, for 
v G Char(il) we let v G a Char(II) iff M v G Gtq. The condition M v G Gr^ is also equivalent to 
requiring that there is an isomorphism of O-modules 

u v /M^o/t ai e . . . e o/t an 

for A = (ai > . . . > a n > 0) G Ajfc. So, the stratification in question is by the isomorphism 
classes of the O- module U v /M. 

Clearly, a Char(II) C aII, and there is a unique open subscheme a,atII C a,atII whose 
preimage under the projection ^11 — > x^H identifies with \ Char (II). 

Write IC(A,AfII ) for the intersection cohomology sheaf of a, at II . 

Lemma 10. Assume m> n. 1) For any A G Aq the map 

tt : ,jvIIxGr^ -> AjiV n 

is an isomorphism over the open subscheme a,atII . So, dim^^rl! = 2Nmn + (A, 2f>c)- 
2) For A G Ag roe have B.q(I )^ IC(A,ArII ) canonically. 

Proof 1) The fibre of tt over v G a, at II is the scheme classifying symplectic lattices M' C M(F) 

such that M' G Gr^ and v(U) C M' . Given such lattice M', the inclusion U v C M' + M must 
be an equality, because for M' G Gr^, with \x < A we get 

dim(M' + M/M) = e(//) < e(A) = dim(U v /M). 

We have denoted here e(/u) := (fi,Cu n ) for fj, G Aq. Thus, M' = M v is the unique preimage of v 
under tt. The first assertion follows. 

2) is completely analogous to the proof of the second part of Lemma GO □ 
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Conjecture 2. Assume m > n. The irreducible objects of Weilc,H o- r ^ exactly IC^atII ), 
A € Aq. The functor T i— > H^T (T, Io) yields an equivalence of categories 

Sph G Weilg >/f 

Remark 8. i) For n = 1 and m > n the isomorphism H^(Jo)— £ IC^atII ) for A G can also 
be obtained from Proposition Indeed, in this case Grg identifies with a connected component 
of (GrQL 2 )red- The desired irreducibility of H g (Iq) becomes a particular case of Proposition [5j 
ii) For m = 1 and m < n it is evident that H^(Jo)— ? IC(a.atT°) for A € A^. 

6.4 Proof of Theorem [?] 

Step 1. The following property of the Fourier transform functors follows from base change 
for proper morphisms. If V — > S <— V* is a diagram of dual vector bundles over a scheme 
S, let V — ¥ S' <— V* be the diagram obtained from it by the base change with respect to a 
closed immersion S' >■ S. Then for the inclusions i\ : V' '—t V and «2 : V* V* we have 
Z2 o Four^ ^? Four^, oi*. Thus, the following diagram of functors commutes 

BWeil GiH 

/ Sh \fa 
BP {QgxH){0) (T(F)) DP (QhxG)(0) (II(F)) 
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4- 4- Jp G 

h G ,Q H )(o)(u ® l* ® n(F)) Fo ^ d{ QgxQh)(0) (c/* ® L(F)) 



Let At// : Qh x G m — > be the map, whose first component Qh —> H is the natural inclusion, 
and second component G m — > H is 2(/5# — /0q h ) — nCj m . Here w m is the h.w. of the Qjy-module 
detf/o- The corresponding geometric restriction functor is denoted by 

gRes K " :Sph H ^DSph QH 

Let kg '■ Qg x G m — > G be the map, whose first component is the natural inclusion Qg '—t G, 
and the second component is 2(pg — PQ G ) ~ m^n- Here u n is the h.w. of the Qc-module det Lq. 
The corresponding geometric restriction functor is denoted by 

gRes KG : Sph G -»• D Sph Qc 

Note that Jp H (Io)—* Io> Jp G (Io) ~> Io and Four^,(/o) — > Io canonically. 

Assume that all the objects of Section 6.1 are defined over some finite subfield ko C k. 
Remind our notation Oq = k[[t]] and Fq = ko((t)). Combining Lemmas [5] and EJ for T € Sph^ 
and S € Sph G we get the equalities 

Fom> J Ph H^(T, Io) = H^gRes^CT), J ) 

and 

Jp G ^(S,I ) = H^ G (gRes^(5),/ ) 
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in the Grothendieck group of ^ b { Q GX Q H){ o ),mixed( U * ® L (Fo))- 

Remind the functor Vo given by To summarize, for T € Sph^ and S € Sph G we get 

7>o(H£(T,/ )) = H^(gRes K «(r),/ ) (49) 

and 

P Q (H^(cS, J )) = H£ o (gRes"°(S),I ) (50) 

in the Grothendieck group K' ko of D{ QoxQH)(0o) mi;ced (C7 ® L* ® fi(F )). 
Step 2. CASE m < ra. Let 

: Qh x G m -> Q G x G m 

be the map whose second component Qff x G m —> G m is the projection, and the first component 
Qh x G m — > Qg is the composition 

idx2p G L n _ m - Levi ~ 

Qh x G m ->• x GL 

n—m ^ Qg 

Write gRes KQ : D Sphq — > D Sphg H for the corresponding geometric restriction functor. 
Now (|50p and Corollary [5] yield for S 6 Sph G the equalities 

P (H£(S,I )) = H^ G (gRes^(5),/ ) = H^(gRes K «(* gRes K «(5)), J ) 

in K' k(j . On the other hand, (j39]) yields an equality in K' ko 

P (H^(*gRes K (5),/ )) = H^feRes^gRes^S)),^) 

Let a : Qg~^Qg be the automorphism sending g to t g~ 1 for g £ = GL ra . The restriction 
functor with respect to a x id : Qg x G m ^QG x G m identifies with * : DSphg G ^> DSphg G . 

We will define an automorphism cr# of 77 inducing * : Rep(H) ^Rep(iJ) and k making the 
following diagram commmutative 

H xG m aH 4 id ffxG m 4 G 

t *H t *G (51) 

Qif x G m ^ Q G x G m Qg x G m , 

This will yield for S G Sph G an equality in 

PoHg-(5, /o) = P H£(* gRes K (5), I ) (52) 

Let Wo = Q™, let Wo = W\ © W2 be the decomposition, where W\ (resp., W2) is generated 
by the first m (resp., last n — m) base vectors. Equip Wo © Wq © with the symmetric form 
given by the matrix 




45 



where E n G GL n (Q^) is the unity. Realize G as SO(W © W * © Qt). 

Equip the subspace W\ © W* C Wo © Wg © Qi with the induced symmetric form, realize 
77 as SO(V7i © W*), this yields the inclusion H ^ G. Let <7# : i7 — ^ i7 be the automorphism 
sending g to t g~ 1 . It is understood that Qg = Aut(Wo) and Qh = Aut(Wi) canonically. Let n 
be the composition 

77 x G m id ^ K 77 x GL(W 2 ) G, 

where a K : G m -> GL(W 2 ) is (n - ra + l)(w n - £> m ) - 2p G L„_ m - The equality 

a K - 2(ph - p QfI ) + nu} m = 2(p G - p Qa ) - 2p GL(w y - mu n 

shows that (|5ip commutes. If m = n then k is trivial on G m . 

Now by Proposition (|52p can be lifted to the desired isomorphism (|41|) in DWeil^f^. 

CASE m > n. Let 

kq ■ Qg x G m — > Qh x G m 
be the map whose second component Qg 

x G m — y G m is the projection, and the first component 

Qg x G m — > Qh is the composition 

id x 2/5ql _ - Levi - 

Qg x G m — > m n Qg x GL m _ n — >• Q# 

Write gRes KQ : D Sphq ff — > D Sphg G for the corresponding geometric restriction functor. 
Now (j4*9j) and Corollary [5] yield for T G Sph^ the equalities 

V R^(T,I ) = H^(gRes K «(r),/o) = H£ G (gRes** (* gRes^(T)), 7 ) 

in K' kQ . On the other hand, (150p yields an equality in K' ko 

P (H^(gRes K (*T),/o)) = Hqq (gRes KG gRes K (*T), 7 ) 

Let 0" be the automorphism of Qh = GL m sending g to t g~ 1 . The automorphism u x id of 
Q_ff x G m induces the equivalence * : D Sphg^ ^> DSphg H . We will define an automorphism 
an of 77 inducing * : Rep(77) ^> Rep(77) and k making the following diagram commutative 

GxG,„ A 77 ^ H 

T k g t k h (53) 

Q G x G m ^ x G m CT A d Qh x G m 

This will provide for T G Sph^ an equality in TT^ 

P H^(T,7 ) = P H G -(gRes K (*r),7 ) (54) 

Let Wo = Q™, let W\ (resp., W2) be the subspace of Wo spanned by the first n (resp., last 
m — n) base vectors. Equip Wq © Wq with the symmetric form given by the matrix 

E m 

E m 
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where E m G GL m (Q^) is the unity. Realize H as SO(Wo © Wq). Let an be the automorphism 
of H sending g to t g~ 1 - Let W C Wi © W 2 * be the subspace spanned by e n+ \ + e* +1 , equip 
W\ ®W{®W with the induced form and realize G as SO(W 1 © W{ © W). Thus, the inclusion 
i K : G )■ -ff is fixed. There is a unique a K : <G m — >• if such that for k = (i K , a K ) : G x G m — > H 
the diagram ([55]) commutes. Actually, a K = 2pgl(w 2 ) + (m — n — l){oj n — w m ). Note that if 
m = n + 1 then a K is trivial. 

By Proposition [71 ([54"]) can be lifted to the desired isomorphism (}4"2j) in D Weilg ^. □ 

Remark 9. In the special case m = 1 we have H = Qh- So, in this case Weilc^ is equivalent 
to the category ~P(hxG)(0) (n(-F)), and one need not glue the categories as in Definition HI The 
proof of Theorem [7J can be simplified in this case. For an integer N let atIC G P(hxG)(0) (TI(i 7 ')) 
denote the constant perverse sheaf on t~ II. The irreducible objects of Wg\\g,h in this case are 
exactly atIC, N gZ. For a dominant coweight A = iV of iY in this case we get H^(/q) — > at IC. 



7. Global theta-lifting for the dual pair GL n ,GL m 

In this section we prove Theorems [5] and [6l 
Proof of Theorem 

Recall the notation Uq = k m , Lq = k n , and the groups G = GL(Lo),H = GL(C/o). Set 
M = L © £7 and M = M (O) for = k[[t}]. Viewing M as a representation of G x H, 
one defines the functor glob^ : ^(Q X g^Qj-xAut°(G) 

(M(F)) -> D^^Wn m ) as in Section 4.6. 
One gets glob 00 (/o) — > ocJ- The Hecke functors (fTTj) and (fl~2|) are a particular case of those 
defined in Section 4.6. Since glob^ commutes with Hecke functors, our assertion follows from 
Aut (O)-equivariant version of Proposition U] (cf. Remark D 

Proof of Theorem 

The argument below mimics that of ([5], Section 4.1.8). To simplify notation, we will establish 
for S G Sphf^ and K G D~(Bun n )| an isomorphism 

x R"h(S, F nim (K))^F n!m ( x R^(Res K (S), K)) (55) 

for a given The proof of the original statement is analogous. 

Let x ,oc,Zh denote the stack classifying (U,U',(3 : U'^U \x-x) € x Hh, L G Bun„ and 
s : Ox — > L © U'[oox). We have a diagram, where both squares are cartesian 

Bun TO 

Here (resp., Tij^) sends (U,U') to U' (resp., to J7). The map /i^^ (resp., h^ H ) sends 
(17, U',L,s : O ^ L® U'(oox)) to (L, [/', s : O -> L © E7'(ooa;)) (resp.,' to (L, U, p o s : O ->• 
L © [/(oox))). 



ooZh 
I 



-Jr ^777 

Bun m 
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Using base change and the projection formula, one gets an isomorphism 

X H£ (S, F n>m (K)) ^ (h m ) , (h*K <8> (5, X)) [- dim Bun n ] 

Here h n : I ^ 00 W n , m — > Bun n is the corresponding projection. By Theorem [6j this complex 
identifies with 

(hm)iQi*K ® ,.H^(gRes K (5),Z))[- dimBun n ] (56) 

Let x ,oqZg be the stack classifying (L,L',(3 : L'^L \x-x) £ xH-G, U € Bun m and s : Ox — > 
L' <8> U(pox). As above, one has the diagram 

x^oo^n^va ^ x,oo^G ^ x,<yoWn,ra 

\- hn ^ ^ hn 

h G h G 

Bun n <r- X U G -3- Bun n 

Here /i G (resp., /i^r) sends (L,L') to L' (resp., to L). The map h^ G (resp., h^ G ) sends 
(U,L',L,s : O ->■ L' (g) C/(oox)) to (L',U,s : £> ->■ L' ® J7(oox)) (resp., to the collection 
(L,C/,/3os:O^L(g)f/(oox))). 

The maps h m o /i|r G and /i m o coincide. So, by base change and projection formula, 
(|56l) identifies with 

F 7l , m ( :r H^(gRes re («S),ir)) 



This yields the desired isomorphism (|55j) . □ 



8. Global theta-lifting for the dual pair S0 2m ,Sp 2n 

8.1 In this subsection we derive Theorem [3] from Theorem We give the argument for m < n 
(the case m > n is completely similar). 

By base change theorem, for S G Sph G , K € D _ (Bun//)i we get 

H£(S, Fq(K)) ^> (id xp),(q*A H£(S, Aut G , H ))[- dim Bun H ] , 

where id xp : A x Bun G // — » A x Bung and q : Bun G // — > Bun// are the projections. By 
Theorem HI the latter complex identifies with 

(id xp),(q*Er <g> H^(gRes K (S),Aut G ,//))[- dimBun//] (57) 

Now the diagram 

suppx/it7 h7t 

X x Bun// H H/f 4 Bun// 

|idxq t t 1 

suppxhtT suppx/iTt 

X x Bun G] // ^— Hh x Bun G ->■ X x Bun G // 

4- id xp 

A x Bun G 
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and the projection formula show that (|57p identifies with 

(id xp),((id xq)*R^(gRes K {S),K) ® Aut G ,ir)[- dimBun^] 
This is what we had to prove. □ 

8.2 In this section we we derive Theorem |4] from Theorem [71 To simplify notations, fix x G X, 
we will establish isomorphisms ([8|) and ([9]) over x x Bun^H- The fact that these isomorphisms 
depend on x as expected is left to the reader (one uses Remark [6] to check that the isomorphisms 
we obtaine are independent of a trivialization O x ^> &[[£]])• 

Keep notations of Section 2. As in Section 6.1, let L = 0", set M = L © L ® £l x with the 
corresponding symplectic form A 2 M — > Q x . Let U = O™, set V = U (BU* with the corresponding 
symmetric form Sym 2 V — > O x . Sometimes we view M (resp., V) as the trivial G-torsor (resp., 
i/-torsor) over SpecO^. 

In view of Theorem[7J Theorem|3]is reduced to the following result, which we actually prove. 

Proposition 8. There is a natural functor LW : DWeilc./f — > D^Bun^,//) commuting with 
the actions of both D Sph G and DSph^-. There is an isomorphism LW(lo)"^ Autc#. 

8.2.1 The proof is based on the following construction from [18]. Let Cd{M <g> V(F X )) denote the 
scheme of discrete lagrangian lattices in M®V{F X ). Let Ad be the line bundle on Cd{M®V{F x )) 
with fibre det(M <g> V : R) at R G C d (M ® V{F X )) (cf. loc.cit. for the definition of this relative 
determinant). Note that Ad is (G x //)(O a; )-equivariant, so it can be viewed as a line bundle on 
the stack quotient 

£d(M®V(F x ))/(GxH)(O x ) 

Let Z d {M®V(F x )) denote the /z 2 -gerb of square roots of A d - Write Z d {M®V{F x ))/(GxH){O x ) 
for the corresponding /^2-gerb over Cd{M (g) V(F X ))/(G x H)(O x ). 

Let Buiiq H be the stack classifying M. G Bung, V G Bun# and isomorphisms 

1G '■ M hpecO x ~*M IspecOz, lH ■ V IspecO* IspecO^ 

of the corresponding G-torsors and iJ-torsors over SpecO x .. One has a morphism of schemes 

: Bun x GH C d (M ® y(F x )) (58) 

sending the above point of Bun G H to the image of R°{X - x, M ® V) in M ® F^)- 

The group (G x H){F X ) acts on Bun^. ^ as follows. An element g G G{F X ) sends the above 
point of Bun^. H to (.M', 7g, V, Jh), where ^y' G = g^c and M.' is the Cx-module whose sections 
over an open subset U C X are s G H°(£7 — x,M) such that gjc(s) £ M(O a ). The action of 
H(F X ) is similar. 

The morphism o£r is equivariant with respect to natural actions of (G x H){F X ). Taking the 
stack quotient by (G x H)(O x ), it yields a morphism of stacks 

: Bun GiH -> £ d (M ® V(F X ))/(G x ff)^) 
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We have canonically Q,Ad — > T*AG 2nm i where r is defined in Section 2.4.1. We lift £ x to a 
morphism 

4 : BunQ H -> £ d (M ® x tf)^) 

sending (M G Bun G ,V G Bun//) to (£ X (M,V),B), where 

det Rr(X, V)" ® det RT(X, 7W) m 

detRT(X,0) 2nm { } 

is equipped with an isomorphism B 2 ^> det KT (X, Ai ® V) given by Lemma [H 

For r > write rx Bun^,// C Bunc# for the open substack given by H (X, Ai ®V(— rx)) = 
for A4 G Bunc, V G Bun#. If r' > r then rx Bunc,// C r 'x Bun^^ is an open substack, and we 
have a natural functor from the projective 2-limit to the whole derived category 

2-limD"( ra Bun Gi H) -> D^(Bun Gj #) 

8.2.2 As in ([18], Section 7.2) define the derived category D? GxH ,, J£ d (M ® V(F X ))) and the 
restriction functor 

£ ■ B? GxH)(0x) (£ d (M®V(F x ))) -)■ D^(Bun G ,„) (60) 

as follows. For JV,r £ Z with iV + r > and a free O x -module £ of finite rank write jv>£ = 
t~ N C/f C Let C(n^nM ® V) denote the scheme of lagrangian subspaces in the symplectic 
/c-space n,nM <S>V. For N > r > let 

r C( N>N M ® V) C C(n,nM ® F) 

be the open subscheme of i? G £{n,nM ® V) such that i? n _ r ,jv(M ® V) = 0. For n > 2iV let 
■Ajv be the Z/2Z-graded line bundle on the stack quotient 

r C( N ,NM ® V)/(G x H)(0/t ri ) 

whose fibre at a lagragian subspace R is det(o,ArM ® V) ® det i?. Write 

( r £(Ar,ArM ® V)/(G x H)(O x /f-)j 

for the gerb of square roots of this line bundle. The derived categories on these gerbs for all 
j*i > 2N are canonically equivalent to each other (compatibly with the perverse t-structures) 
and are denoted 

D iGxH)(O x )(r£(N, N M®V)) 
For Ni > N > r > we have a projection 

P ■ r^iNx^M ® V) -> t£(n,nM ® V) 

sending i? to i?H n,n±M ® V. There is a canonical Z/2Z-graded isomorphism p*.A/v — > A/Vi- For 
ri > 2JVi it yields a morphism of stacks 

p : (^U^M ® V)/(G x H)(O x /lP-)j^ ( r C( N , N M ® V)/(G x H){O x /f')j 
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The latter gives rise to the transition functor 

B (GxH)(o x )(rC( N , N M ® V)) -> B- GxHKOx) ( r C( Nl , Nl M ® V)) (61) 

sending K to [dim. rel(p)], it is exact for the perverse t-structures and a fully faithful em- 
bedding. The inductive 2-limit of 

as N goes to infinity is denoted ^gxH)(o )(r^d(M <g> V(F X ))). For N > r' > r and t\ > 2N we 
have an open immersion 

j : { r C{ N , N M®V)/{G x H)(O x /t^))^ ( r ,C{ N , N M®V)/(G x H)(O x /f 1 )) 

hence the restriction functors 

3* ■ Vi G xH)(oJr>£(N,NM ® V)) -> D^ GxH)(0x) ( r C( N>N M ® V)) 

compatible with the transition functors (|61|) . Passing to the limit as N goes to infinity we get 
the functors 

h, r ■ B- GxH)(0 J r/ £ d (M ® V(F X ))) D- GxH){0 J r £ d (M ® V(F X ))) 

By definition, ^^Q x m^ \(.Cd(M ® V(F X ))) is the projective 2-limit of 

V- {GxH)(0x) { r C d {M ®V(F X ))) 

as r goes to infinity (cf. also loc.cit.). The category D^(£d(M ® V^-F^))) is defined along the 
same lines. 

The map p fits into the diagram 

rx Bun GjH H r £( NiN M®V)/(GxH)(O x /t r >) 

r C( NuNl M®V)/(G x H){O x /t^) 

where £jv sends (At, V) to the lagrangian subspace H°(X, M ® V(Nx)) C n,nM ® V. As above, 
it is understood that one first picks a trivialization 

8 V IspecC/fi ® F Ispec O a /tn 

of the corresponding G x iT-torsor over Spec O x /t 2N and further takes the stack quotients by 
(G x H){O x /t^). 
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We have canonically Cn^n ~^ T *^G2nm- So, we get a similar diagram between the gerbs 



rx 



Bun G)H H ( r £( N:N M®V)/(GxH)(O x /t r i)j 
\ Iwi t P 

C( NuNl M <g> F)/(G x tfxevr 1 ))" 



The functors K i— >• ^i^fdim. rel(^Tv)] are compatible with the transition functors (|6ip so yield 
a functor 

r£ : D (GxiJ)( 0l )(^( M ® V(F X ))) -> D-( ra: Bun G) H) 
Passing to the limit by r, one gets the desired functor (|60p . 

8.2.3 Recall that P(Bud.g,h)-^ 2— lim^oo P( ra BunG,ff) C 2— limr^oo D~( ra BunG- j //) is a full 
subcategory. Let Sm^vC^) denote the theta-sheaf on Cd{M ® V(.F Z )) introduced in (|18j. 
Section 6.5). It is naturally (G x #)(£?£ )-equivariant, and we have (£.Sm®v(f x ) ~> AutG,ff by 
(loc.cit, Theorem 3). 

8.2.4 As in ([IS], Section 5.4) let §p(M ® V)(Fa;) denote the metaplectic group corresponding 
to the c-lattice M ® V in M <8> V^-F^). This is a group stack classifying collections 

(g G §p(M® V^CFjbJ.B, det(M® V : <?(M ® V))) 3 

where is a 1-dimensional /c-vector space. The product map sends 

( 5 i,Si,ai : £ 2 ^ det(M<g> 7 : gM <£> V)), (#2, £>2, 02 : det(M® F : 5M ® V)) 

to (gig2,B, a : B 2 ^f det(M <S> V : g\g%M ® V)), where B = B\ <S> B2 and a is the composition 

(Bi ® £ 2 ) 2 CT1 ^ <72 det(M <g> V : ffiM ® V) ® det(M ® V : # 2 M <g> V) id 4 ffl 

det(M ® V : giM <g> V) <g> det(^M ® F : 5152 M <8> F) ^ det(M ® V : g%g 2 M ® V) 

Lemma 11. Let Mi be a free O x -module of rank n^. Then for g G GrgL(M ) ^ere is a canonical 
isomorphism of Z/ 27,- graded lines 

det(M <g> Mi : (c/M ) ® Mi)^ det(M : 3M ) ni 

Proof Let ^4o be the line bundle on Gr SL (M ) with fibre det(Mo : gMo) at g G Gr SL ( A / ). It is 
known that PicGr SL ( Mo ) is generated by Aq. Let £ be the line bundle on Gr SL ( Mo ) with 
fibre 

det(M ® Mi : c/M ® Mi) 

at g. A choice of a base in Mi yields a Z/2Z-graded isomorphism Aq 1 . Thus, the line 
bundle C®Aq Hi on Gr SL ( Mo ) is constant. Its fibre at 1 G Gr SL ( Mo ) is canonically trivialized, so 
the line bundle itself is canonically trivialized. □ 
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By Lemma [TTT for g G G(F x ),h E H(F X ) we have a canonical Z/2Z-graded isomorphism 

det(M ® : ® fcV) det(M (g) V : gM ® V) ® det(#M ® V : gM ® hV) ^ 

det(M : gM) 2m ® det(F : /iV) 2n 

It yields a canonical section (G x H)(F X ) -> Sp(M ® V r )(F a; ) sending (5 G G(F x ),h G il^) to 
(g®h,B, B 2 ^ det(M®V : gM®hV)), where 

B = det(M : #M) m ® det(F : W) n 

The canonical sections (G x H){F X ) -»• §p(M ® V)(Fa,) and §p(M ® V r )(O x ) -> Sp(M ® V)(Fa.) 
are compatible over (G x H){O x ). 

The group §p(M ® F)(F a; ) acts naturally on C d {M ®V{F X )). Let (G x i?)(F r ) act on 
C d (M ® via the canonical section (G x F)^) ->■ Sp(M ® Let 

0^ : Bun^ H -> £ d (M ® V(F X )) 

be the morphism sending (M,V) to (o£r(.M, V),B) with B given by ([59]) . Then o£ x is naturally 
(G x H) (i ? x )-equivariant. For this reason, ([60]) commutes with the actions of D Sph G and D Sph H 
on both sides (cf. Proposition [TT]). 

8.2.5 Proof of Proposition^ 

Recall the notation T = L* ® V ® £l x and II = U* ® M from Section 6.1. Consider the 
decomposition M ® V = (L ® V) © (L* ® V ® U x ). In ([E], Definition 5) we associated to this 
decomposition a functor 

F mv{Fx) : D 6 (T(F«)) D^(£ d (M ® F(F X ))) 

exact for the perverse t-structures (its definition is also found in Appendix A). Let also 

T Mm(Fx) : B b (U(F x )) -> D^(Z d (M ® 

denote the corresponding functor for the decompositioon M = (M ® U) © (M ® {/*). By (|18j. 
Theorem 2 and Proposition 5), the diagram is canonically 2-commutative 

D b (T(F x )) Tl % {Fx) V<{Z d (M®V{F x ))) 

D 6 (n(jf s )), 

where £ is the partial Fourier transform (|4U|) . 

Let (G x H)(F X ) act on L d {M ® V(i*!,.)) via the canonical section 

(G x H)(F X ) — »■ Sp(M ® 
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Then Fl®V(f x ) commutes with the action of H(F X ), and Fm®u(f x ) commutes with the action 
of G(F X ) (cf. [IB] , Section 6.6). So, if {T\,T2,0) is an object of Weil G) // as in Definition [J] then 
•^L^VtF^i^i) 1S -ff(C K )-equivariant, and Fm®u{f x ){^2) is G(O x )-equivariant. We get a functor 

LW d : Weil GjH -> P (Gx .ff)(0*)(A*(M ® V(F X ))) 

sending (J 7 !, J" 2 ,/3) to ^iigiv(F a )(^i)- % definition, we get LW rf (/o) ^ Sm^f*)- Extend LW^ 
to a functor 

LW d : DWeil G ,tf -> D (Gx // )(0:c) (Ai(M ® F(i^))) 

by LW^(-ftr[r]) = LWd(if)[r]. By Proposition [10] from Appendix A, LW^ commutes with the 
actions of both D Sph G and D Sph//. Finally, we set LW = £* o LW^. Our assertion follows. 
Thus, Proposition [HJ and Theorem d] are proved. □ 

8.3 In this subsection we establish some additional properties of Aut Gj //. Write Si for the 
stratum of Bun G: // given by dimH°(X, M <g> V") = i for M G Bun G , V G Bun//. 

Proposition 9. i) The complex Aut Gi // is placed in perverse degrees > 0. 

iij For anyn,m the complex Aut G # /ias nontrivial perverse cohomologies in degrees larger than 

any given integer. 

Proof i) Recall that Bunp( G ) is the stack classifying L G Bun n and an exact sequence — > 
Sym 2 L — >■? — > ft — > on X. Let Bunp( G ) x H C Bunp( G ) x // be the open substack given by 

H° (X, Sym 2 L) = and H 1 (X, L* ® O ® F ) = (62) 

for V G Bun//, (L C M) G Bun P(G) . 

Let 3^p( G ) be the stack classifying L G Bun n and s : Sym 2 L — > ft 2 . So, 3V(G) and Bunp/ G ) 
are generalized dual vector bundles over Bun n . 

Denote by °(3V(G) X Bun//) C 3V(G) X Bun// the open substack given by (j62j) . We have the 
Fourier transform 

Four,/, : D^(}p (G) x Bun//) -> D^(Bun P(G)x //) 

Write v : Bunp( G ) x # — > Bun Gx p; for the projection. Its restriction °is : Bunp( G ) x p — > Bun Gx p 
is smooth and surjective. 

Let V n ,H be the stack classifying L G Bun n , V G Bun// and v : L — > V®fl. Let V n) # C V n ,H 
be the open substack given by ([62]) . We have an affine map ire : V n ,H — > 3V(G) X Bun// sending 
v to the composition 

Sym 2 L^Sym 2 (V®ft) ^ fl 2 

Set 

1. = (<Q>£ | Vn H )[dimBun//+dimBun n +a//], 

where a// is the function of a connected component of V n; // sending (L, V, i>) to x(-^* ® ft <S> V). 
By ([21], Proposition 1), there is an isomorphism over Bunp( G ) x p 

Yoxur^'K^X'^ u* Aut Gi //[dim. rel(f)] (63) 
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The complex X is perverse over °V n ,H and coincides with Qe[dim(°V n ,H)]- Since ttc is affine, 
(ttc)\ is left exact for the perverse t-structure. So, (f63|) implies that 

V Aut G ,zr[dim. rel(°z/)] 

is placed in perverse degrees > 0. 
ii) Consider two cases. 

CASE 2n > m — 1. Pick a Appoint M of Bung and a rank m vector bundle E on X of degree 
zero. Let A be a line bundle on X of degree a > large enough in the sense below. Set 
U = E (g> A and V = f7 f7* with the symmetric form Sym 2 V — > Ox as in Section 3.2. The 
pair (M, V) can be viewed as a closed substack Y := B(Aut(M) x Aut(V)) of Bunc,H- We will 
let a go to infinity, below we write const for quantities independent of a. 

The dimension of the group of automorphisms Aut(M) is constant, whence dimAut(y) = 
m(m — \)a + const. Since a is large enough, Y C S% for i = 2nma + const. Assuming that 
Aut^// is placed in perverse degrees < C for some C > 0, we get 

const — m{m — l)a = dimY < dim5j < dimBunc^ — i + C = const — 2nma 

Since 2n > m — 1, this is a contradiction. 

CASE 2m > n + 1. Pick a fc-point V of Bun// and a rank n vector bundle E on A of degree 
zero. Let A be a line bundle on X of degree a > large enough. Set L = E ® A and 
M = L © L* O with symplectic form A 2 M — > Q as in Section 6.1. As above, we get a closed 
substack Y = B(Aut(M) x Aut(V)) of Bun^//. Write const for quantities independent of a. 

In this case dimAut(Af) = n(n + l)a + const. For a large enough we have Y C S% for 
i = 2nma + const. If Autc,H is placed in perverse degrees < C then 

const — n(n + l)a = dim Y < dim Si < dimBunc^ — i + C = const — 2nma 

Since 2m > n + 1, this is a contradiction. 

Any pair of integers n, m > satisfies one of the above inequalities. We are done. □ 

Remark 10. The complex Aut^// on Bun^// is not pure in general. Let us show that for m = 1 
and any n the complex Aut^.i? is not pure. 

Recall that Bunc is irreducible. We have Bun// = Pic A. Consider the connected component 
(Pic A) x Bunc, the intersection hi of this component with So is nonempty. Indeed, take 
V = O x , the corresponding point of Pic X is Ox- There is M G Bun G with H°(M) = 0. 

Over hi the complex Auto,// identifies with the constant perverse sheaf Q^fdimW]. Its in- 
termediate extension to (Pic A) x Bun^ is the constant perverse sheaf. If Au%g,H wa s pure, 
this constant perverse sheaf would be its direct summand. However, (Pic A) x Bun^ contains 
points of Si for some i > 0. The *-fibre of Aut^,// at such point is the trivial one-dimensional 
space placed in usual degree i — dimhi. It can not contain Q^[dim^/] as a direct summand. 
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Appendix A. Complement to |18j 



A.l In this appendix independent of the rest of the paper we prove Proposition 1101 below. We 
freely use the notations from [18J. 

Let O = k[[t}] C F = k((t)), let Q, be the completed module of relative differentials of O 
over k. Let U be a free O-module of rank d, set M = U (B U* <£) f2. Equip M with a natural 
symplectic form A 2 M — > O, so that U and t/* (g) are lagrangian. 

For a c-lattice R C R 1 ' C M(F) remind that Ar is the line bundle on C(R- L /R) with fibre 
detL ® det(M : i?) at L. Write C(R ± /R) for the gerb of square roots of „4r- 

Let g G be a fc-point and g = (g,B) G G(F) with £ 2 ^ det(M : gM) its lifting to 

G(F). One has a canonical isomorphism 

~g:C{R L /R)^C{gR L /gR) (64) 

defined as follows. It sends (L,Bi) G C{R^/R) with £ 2 ^ detL® det(M : i?) to {gL,B®B x ) 
equipped with 

(B ® £i) 2 ^ detL ® det(M : fl) ® det(M : #M) ^ d 

det c/L ® det(#M : 5L 5 ) <g> det(M : gM) ^ det gL ® det(M : 5L?) 

Let Lf_R = (R^/R) x A 1 be the corresponding Heisenberg group. Then (I64p gives rise to the 
isomorphism 

~g : 1(R L IR) x ^(i^/i?) x H R ^C(gR ± /gR) x C(gR ± /gR) x 
for which one has canonically 

g*F^F (65) 

Here, by abuse of notation, for each finite-dimensional symplectic /c-space Mq we denote by F 
the perverse sheaf on C(Mq) x £(Mq) x iL\,/ from (loc.cit., Theorem 1). 
For any L° R ,Q R G C(R ± /R) the diagram is canonically 2-commutaive 

dh Qr ^ r vn LR 

for the functors Fl° r ,q° r from (loc.cit., Section 6.2). Here the categories in the top (resp., low) 
row are categories of certain sheaves on Hr (resp., on H 9 r). 

A. 2 We let GL{U)(F) act on Z d (M(F)) via the section 

GL(U)(F) ->• G(F) (66) 
defined in [loc.cit. just after Definition 5). 
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For a fc-point L° G Cd{M(F)) in (loc.cit., Proposition 5) we introduced the functor 

T u(F)tL0 :D(U*®n(F))^DH L 

Let us reformulate its definition. Given two c-lattices T C S in U(F), let T = {x £ f7* ® fi(.F) | 
(x,n) G £1 for all u G T}, similarly for '5. Then 'S 1 C 'T are c-lattices in f7* © £l(F). Let 
R = T (B ' S then i? C i? = 5 © 'T, and R /R is a symplectic space. 
Set U R = S/T G C{R ± /R). Let 

U R = (U R ,det(U:T))e£(R x /R) 

equipped with a canonical Z/2Z-graded isomorphism det(J7 : T) 2 ^ det U R © det(M : R). One 
has a canonical isomorphism P('T/'S)^'Hu R exact for the perverse t-structures. Then Fu(f),l° 
is the limit of the functors 

D('T/'5) D U Ur L h U * VU Lr 

as T becomes smaller and S becomes bigger inside U(F). 
Proposition 5 from loc.cit. can be strengthened as follows. 

Lemma 12. Let g G GL(U)(F). For a k-point L° G C d {M{F)) the diagram is canonically 
2- commutative 

d(£/*®q(f)) Tu( ^ L0 dh l 

4 9 4 9 

D(£/*©Q(F)) ^ §L ° d^ 9L , 



where g is the image of g under t66\) . Here the left vertical arrow sends K to g*K . 

Proof Given c-lattices T C S C U (F) set R = T © 'S. For the corresponding decomposition 
gR = gT® g'S one gets g(U R ) = U gR G C(gR ± /gR). Moreover, g(U R ) = U° gR , where g is the 
map (164p . As in Section A.l, the following diagram is canonically 2-commutative 

D('T/'S) ^ Dft^ D^ Lfl 

4-9 i 9 I 9 

D(g('T)/g('S)) DH,^ D^ 9(Lfl) 

Our assertion follows by going to the limit as T becomes smaller and S becomes bigger in U(F). 
□ 

The diagram 

U L ^ B(£ d (M(F))) 

i 9 i 9 

-H gL %° B(£ d (M(F))) 
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is canonically 2-commutative, where the right wertical arrow sends K to (g 1 )*K (cf. loc.cit., 
Section 6.3-6.4). Combining this fact with Lemma [T2l we get that the functor 

T U[F) : D(U* ® Q(F)) -+ B(C d (M(F))) 

commutes with the action of GL(U)(F). 

Let now H C GL(U) be a closed connected reductive subgroup. The line bundle Ad on 
Cd{M(F)) is (O)-equivariant, so we have a /i2-gerb Cd{M(F)) / H{0) of square roots of Ad 
over the stack quotient C d {M(F)) / H(0). 

Proposition 10. The functor 

Fu{F) ■■ V H{ o)(U* ® -> D^ (0) (£ d (M(F))) 

commutes with the Hecke functors for H acting on both sides. 

Let us first give a proof at the level of functions. Remind that if R C M(F) is a c-lattice 
then 

C d (M(F)) R c C d (M(F)) 

is the open substack of L° G C d (M(F)) such that L fl = 0. Let T C S C f7(F) be c-lattices, 
set R = T '5. By definition, if K G DCT/'S 1 ) then the restriction of F U{F) (K) to C d (M(F)) R 
is given by 

L ^ / F L c > uO ((-y,0))K(y)dy (67) 

JyG'T/'S R ' R 

for L° G £d(M{F))n. Here is the image of L° under the natural map 5r : C d (M(F))ji — >• 
C(R ± /R), and (-y,0) G (R^/R) x A 1 ^?^- We denoted by ciy a suitable Haar measure. 

Now let T G Sph H and K G D#( ) (f7* <8> £l(F)). Recall that, at the level of functions, 
Hft(T, K) is the function 

! K{g~ 1 y)T{g)dg, 

Jg£H(F)/H(0) 

where dg is a Haar measure on Gr#. 

Let us check the equality of functions J^^Hj^T, K) = H^[(T,Fij^p)(K)) at a given point 
L° G Cd(M(F)). Pick T sufficiently small and S sufficiently large with respect to T, K and such 
that L° G C d (M(F)) R . The value of F U{F) R^(T, K) at L° is 

F L c iu0 a-y,0))K(g- 1 y)T(g)dydg 
ye'T/'S, geH(F) R R 



After the change of variables g 1 y = z, in view of (|65|) the above expression becomes 
/ F L o^ u o((-gz,0))K(z)T(g)dzdg 



lzGg- 1 ('T)/g- 1 ('S),geH(F) 



F g'HL%),g-^(U%)((- z ^°)) K ( z )'T(9)dzdg 
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Here g is the image of g under ([66]) . Recall that g 1 (U R ) = U^ lR for any g G GL(Z7)(F). We 
have also g~ l {L R ) = (g^ 1 L°) g -i R . 

Since g~ x L G £ d (M(F)) g -i R , the value of R^(T,F U{F) (K)) at L° is 



i a 



{F u[F) {K)){g- l L*)T(g)dg 



U(F) 

9 GH(F) 



F (g-iL°) _ lat u° . ((-z,0))K(z)T(g)dzdg 

geH(F),zeg-H'T)/g-\'S) ' s R r 1 * 



So, both expressions coincide. This completes the proof of Proposition [10] at the level of func- 
tions. 

Remark 11. Let TcTcScSbe c-lattices in U{F). Set R = f © 'S and R = T © 'S 1 . The 
fact that ([57)1 does not change if is replaced by R is a consequence of the following claim 
(obtained from loc.cit. Lemma 5 and Proposition 3). Let V = T 'S, so that V 1 - = S 'T. 
Let H R = [R L /R) x A 1 and Fly = (V 1 - /V) x A 1 be the corresponding Heisenberg groups. Let 
%y : H = (V 1 - / R) x A 1 4 H R , this is a closed subgroup. Let ay : H — > Hy be the map 
(u, a) i-4 (u mod V,a). Then 

a V\iv F L° R ,U% -^ F L° V ,U V 

up to a shift. Further, let H R := (R ± /V) x A 1 C Hy, let or : .£f fi — > Hr be the map sending 
(u, a) to (u mod R,a). Write £r : H R ^4 .Hy f° r the natural closed immersion. Then 

a R\ i *R F L° v ,U^ F L%U° R 

up to a shift (both claims are also true in families as L° varies in C d (M(F))ji). Actually, the 
complex i R F^ ijo is constant along the fibres of olr. 

A. 3 The precise definition of the Hecke functors 

H£ : Sph ff x D£ (O) 0Q(M(F))) -4 D< {0) (Z d {M(F))) 

is left to a reader, let us only explain the idea. 

For si + s 2 > set SuS2 H(F)^= {g G H{F) \ t Sl U C gU C ^ S2 t/}. Let Sl)S2 Gr# = 
SUS2 H(F)/H(0). Let K G D^ (0) (£ d (M(F))). Assume that T G Sph H is the extension by zero 
from SljSl Gvh for some s\ > 0. 

For r > let i? = f'M and Z = t r+Sl M. One has a map 

g £ : C d (M(F)) R x Sl , Sl tf (F) -4 C d (M(F)) z 

sending (L°,g) to g^L . Set K = f +2si M. After taking the stack quotients by H(0) on the 
LHS and by H(0/t s ) on the RHS, the composition 

C d (M{F)) R x SUS1 H(F) q A C d (M(F)) z & A C{Z^/Z) 
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yields a map 

Z d {M(F)) R x S1 , S1 Gi H -»• C(Z ± /Z)/H(0/t s ) 
for s large enough (actually s > 2r + 2si). It factors as 

C d {M(F)) R x S1)S1 Gt h -> ^(y-L/yjfl x S1)S1 Gr# 4 C(Z ± /Z)/H(0/t s ) 

Here C(Z ± /Z)/ H(0 /t s ) denotes the corresponding /x 2 -gerb over the stack C{Z L / Z) / H{0 /t s ). 

If r is large enough then the restriction of Hj^{T,K) to C d {M(F)) R is the inverse image 
under the natural map C d {M{F)) R — > OY^- /Y) R of the complex 

pru(T ®r£*Q 

(up to a shift depending on a connected component of S1)S1 Grf/). 

A. 4 The geometrization of the proof from Section A. 2 is quite formal, so we only give a sketch. 
Recall that for a free O-module V and N + r > we write Nyr V = t~ N V/t r V. 

Let K G Djj-(o)(jv ljt . 1 l7'*®n). Assume that T G Spli^- is the extension by zero from S1)S1 Gr#. 
Let T = ft/ and 5 = r r £7, so that T = ^ r C7* <g> Q and '5 = t r U* <g> 0. Set R = T ® 'S. 
Assume that r is large enough with respect to K, T ■ Set Z = t Sl R. Consider the diagram 

C d {M(F)) R x sl>sl H{F) % C d {M(F)) z 

I S R xid 

£{R ± /R) x Sl , Sl H(F) P £ 2 C(R ± /R) x ai ,. L H(F) x r , r *7* ® 4 r+si , r - si £/* ® O 

Here pr 12 is the projection, and q sends (L R ,g,y) to g~ x y. Let 

Pr : C(R ± /R) x rtr U* C(R ± /R) x C(R ± /R) x iJ R 

be the map sending (L R , y) to (L^, U R , (—y, 0)). 

From Remark 1111 together with (|65H one gets the following. There is an isomorphism 

q* c (Tu(F)K)^(S R x id)*(pr 12 ),(^F»g*K) (68) 

(up to a shift) geometrizing the equality 

(T u{F) K)(g- l L°)= [ F L o u% ((-y,0))K(g- l y)dy 
J'T/'S R ' R 

for L° G C d (M(F)) R , g G Sl , Sl H(F). 

The above diagram gives rise, by taking the corresponding stack quotients, to the following 

one 

C d (M{F)) R x S1 , S1 H(F) 
I 

C(Y^/Y) R x ai)Sl Gr^ 4 C(Z ± /Z)/H(0/t s ) 

I S Y,R xid 

C{R ± /R) x sliS1 Gr^ P £- 2 C^/R) x SliSl Gr H x r/r lP ® O % q ( r+Sl ^ Sl U* ® fl)/H(0/t s ) 
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here 5y r ■ C{Y' L /Y)r — > C(R ± /R) is the natural map. The isomorphism (|68p descends to an 
isomorphism 

rK^U{F)K)^{5y iR x id)*(pr 12 ),03^®act*ff) (69) 

over £(Y /Y)r x S1)S1 Gr#. Tensor both sides of ([69]) with T and take the direct image under 
the projection 



C(Y L /Y) R x auB1 Gr H -> £(Y ± /y) J 



One gets this way the desired isomorphism 

T U(F) R%(T, K) H£(T, 7"^ (#)) 

over Cd{M{F))R. The other details of the proof of Proposition [10] are left to the reader. 

Appendix B. Ind-pro systems and Hecke functors 
B.l. Ind-schemes with an action of G(F) 

B.l.l On the referee's request we add this appendix where we generalize to some extent the 
ind-pro systems and Hecke functors used in this paper. We will use the terminology from (|15j. 
Section 4). 

Let I be a partially ordered set filtering in both directions, that is, for ax, oti E T there are 
a, (3 E T such that /3 < on < a for % = 1,2. The limit by I will be the limit as a becomes bigger 
in 1. Let 1° be I with the reversed order. Set I = {(a E I, f3 E X) \ f3 < a}. 

Assume given an ind-pro system (Ag) indexed by pairs (a,/3) E I. Assume that A^ is a 
fe-scheme of finite type, and 

(1) For each a < a' E X the structure map i^ a ' : X^ — > X^' is a closed embedding. 

(2) For each /3 < /3' E 1° the structure map : A^, — >■ A^ is an affine morphism smooth of 
some relative dimension d(/3, j3') independent of a. 

(3) For each /3 < /3' E 2~°, a < a' E X the commutative square 

A|, AJ, 
I I (70) 

A£ ^ Xf' 

is cartesian. 

(4) there is (a, /3) E / such that X^ is smooth. 

According to loc.cit., the ind-scheme A^ = lim^^ ]^.m ^ A" is called smooth and locally 
compact over k. By (loc.cit., Proposition 4.4.2), one has canonically 

A~^ Urn lim A£ 



urn inn A ^ 

/3ex° aex 
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Set = hrn^^X^ and = Um ^ X°. Passing to limits, one gets the structure maps 

Assume in addition that each fibre of the map p^a, is isomorphic to an affine space of 
dimension d{j3,j3'). 

Under these assumptions, define the derived category D(X^) of etale (Q^-sheaves on X^ as 
follows. 

The functor D(X|) D(X°,) given by K ^ (p<g gi )*K[d(/3, f3')] is exact for the perverse 
t-structures and fully faithful, and similarly for the functors (ip a )\. We let T)(X™) be the 
inductive 2-limit of D(X^) for a G X, f3 G 1°. Similarly for the category P(X^) of perverse 
sheaves. 

The function d is initially defined on pairs (/?, /?') G I. We extended it to a function d : 
I x I -> Z as follows: if (3' < a and /3 < a for some a£l then d{f3, /?') = cf(a, f3') — d(a, (3). 

B.1.2 Let now G be a connected reductive group over k, set O = k[[t]] C F = k({t)). Assume 
that G(0) acts (on the left) on each X^ via its finite-dimensional quotient G{0/t r ) for some 
r depending on a, (3. Assume that the maps i^ Q ' and p^o, are G(0)-equivariant. Then G(0) 
acts on each X^ (in the sense of functors), namely g G G(O) sends the projective system (xp) 
to the projective system {gxp). The induced maps X^ — > X^ are G(0)-equivariant, so G(0) 
acts in the sense of functors on the ind-scheme X^ (cf. loc.cit and [12], Appendix). 

One defines the equivariant derived category D G ^(X^) as follows. For (a, /3) G / the group 
G(0) acts on each A^ via its finite-dimensional quotient G(0/t r ), and for r\>r the projection 
between the stack quotients 

G(0/t ri )\X% G{0/f)\X^ 
yields an exact for the perverse t-structures equivalence of the derived categories 

DG{0/t r )(Xp) -> D G(0 / ri )(X^) 

Denote by D G ^(X^) the equivariant derived category ~DG(Oft r i)(Xg) for any r! > r. 
For /? < /?' G X°, a < a' G X the diagram (|70p yields a diagram 

D G(0)(^') ^G(0)(X^) 
t t 

where each arrow is fully faithfull and exact for the perverse t-structures functor. Define 
D G(0) (X~) as the inductive 2-limit of D G(0) (X|) as a G X, /3 G X°. 

Along the same lines, one defines the category Pg(0)(X^) of perverse sheaves on X™. 

Define also the derived category D^^X^ x Gr^) as follows. Let K C G(F) be a closed 
subscheme G(0)-invariant on the left and right and such that K/ G{0) is of finite type. Given 
(a, P) el let r be large enough so that G(0) acts on X^ x K/G{0) via G{0/t r ). For any s > r 
one has a canonical equivalence exact for the perverse t-structures 

D G (0/n(^ x K/G(0))^D G{0/ts) (X% x K/GiO)) 



(32 



Define D G(0) (X| x K/G(0)) as D G(c , /ts) (A^ x K/G(<D)) for any s > r. Then the category 
D G(0) xGr G ) is defined as the inductive 2-limit of B G{0) (X^ xK/G(0)) under a G 1, (3 G X° 



perverse sheaves. 

B.1.3 Now assume in addition that each A^ is equidimensional then for a, a' £l one defines 
the relative dimension dim(X^ : A^') as dim A? — dim A?' for any /3 € I with /3 < a, /3 < a'. 

Assume that the action of G(0) on is extended to an action of G(F) (in the sense of 
functors). Write act : X^ x G(F) — > X^ for the map (x,g) g~ l x. We need the following 
well-known result. 

Lemma 13. If A is a commutative ring and Ai is an inductive system of flat A-algebras indexed 
by a filtering poset then lirri Aj is a flat A-algebra.\D 

Let K C G{F) be a closed subscheme G(0)-invariant on the left and right and such that 
K/ G{0) is of finite type. For any such K we assume the following. 

(A) For any a £ I there is a' G 1 such that act : A^ x K — > X^ factors through A^'. For 
any f}' < a' £ I there is f3 < a G I and a commutative diagram 



morphism act p pi making the latter diagram commutative. Though it is not reflected in 
the notation, the map actppi depends also on K,a,a'.) Besides, for any j3 < a there is 
/3' < a' and a commutative diagram 





Xo x K 



act 




Remark 12. Let (3 < (3 < a G I and f3' < f3' < a' G I, assume that actpp/ and act^/ exist then 
the diagram commutes 




B.1.4 Let 



a : A- x G(F) -^I»x G(F) 
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be the map (m,g) i— >■ (g~ 1 m,g). Let (a, b) € G{0) x G{0) act on the source sending (m,g) to 
(am,agb). Let it act on the target sending (m',g') to (b~ l m' ,ag'b). Then a is equivariant for 
these actions, so yields a morphism of stack quotients 

,act : G(<D)\(X£ X Gr G ) (X£/G(0)) x (G(0)\Gr G ), 

where the action of G(O) on x Gr G is the diagonal one. 

Assuming (A) , in the rest of this subsection we define the inverse image functor 

,act*(.,.) : D G(G) (A~) x D G(0) (Gr G ) -> D G(G) (A~ x Gr G ) (72) 

satisfying the following properties. 

Al) For S G D G(0) (X~) and T € D G(0) (Gr G ) one has B(,act*(S, T)) ^ q act*(D(5), D(T)) 
naturally. 

A2) If both 5, T are perverse then 9 act*(<!>, T) is perverse. 

Let A" C G(F) be a left and right G(C)-invariant closed subscheme. The map X^ x K — > 

Xp', is G(C)-equivariant, where h € acts on € A^ x K as (x,gh) and on y £ Xg> 

as Let r be large enough so that G(O) acts on X^', via G(0/t r ). Then act^/ induces a 

morphism of stack quotients 

Xp x K/G(0) ->• G{0/f)\X$ 

Assume in addition r large enough so that G(O) acts diagonally on X^ x (K/G(0)) via its 
quotient G(0/t r ). The latter map being equivariant under this action, we get a diagram of 
stack quotients 

G{0/f)\{K/G{0)) ?- 2 G(0/t r )\(X$ x K/G(0)) G(0/t r )\X# 
Consider the functor 

DG(o/f)(^) xD G(o /t r)(W)) ^ D G( o/r)(^x^MO)) 
D G(0) (A-') x D G(o) (A/G(0)) D G( o)(^ x K/G(0)) 

sending (S, T) to 

(ractppYS pr* T[d(/3', /3) + dim G(C/t r ) + 5] 

here 5 : 7Ti(G) — > Z is some group homomorphism, we then view (5 as a function of K/G(0) 
sending (K/G(0)) D Gr G to <5(0). Here Gr G is the connected component of Gr G corresponding 
to 6 G 7Ti(G). We will precise 5 later. 
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Now for any data as in Remark [12] consider the commutative diagram (|7ip . it yields a 
commutative diagram 

B b G{0) (XpxB b G{0) {K/G(0)) l "4 D b G(0) (X? x K/G{0)) 

t t 
D G(0)(^')x D G(0)(^/ G (°)) ^ B b G{0) (X«xK/G(0)), 

where vertical arrows are the transition functors. Let t'pp denote tppi followed by the inclusion 
into Dq/qJX^ x K/G(0)). Passing to the limit by /?', the functors t^, yield a functor 

t aa ' : B b G{0) (x£) x B b G{0) (K/G(0)) -> D 6 G(0) (X£ x #/G(0)) 
Define a functor 

t K : B b G(0) (X™) x B b G{0) {K/G(0)) -> D^ (0) (X~ x tf/G(0)) 

as follows. Let 5 G D^ j(X^) for some 7 € X, T € D^ C ,- ) (K/G(C')). There are a, a' sufficiently 
large in X with the following properties: 

• 7 < a' in I, and there is a map act : X^ x K —> X^ as in (A). 

• for any a > a G X and a' > a' G X such that act : X^ x K — > X^ the images of (S, T) 
under t aa are canonically isomorphic in B G , JX™ x K/G(0)). 

This defines the desired functor tx- The functors tK are compatible with the trasition functors, 
passing to the limit by K, one gets the desired functor ([72"]) . One checks that there is a unique 
8 as above such that A2) holds for this functor. 

B.1.5 Define an action of Sph G on B G ^(X^) as follows. Let K C G{F) be a left and right 
G(0)-invariant closed subscheme. Assume that r is large enough so that G(0) acts on Xa x 
K/G(0) via G(Oft r ). For the projection 

pr : G{0/f)\{X<$ x K/G(0)) -> G(0/f)\X% 

the functors pr; : B b G ,Q\(Xp x K/G(0)) — > B G ,Q\(Xp) are compatible with the transition 

functors, so yield a functor pr, : B b G{0) (X™ x K/G(0)) -> B b G{0) (X™). Finally, we define the 
Hecke functor 

H£(-, •) : Sph G x B b G{0) (X£) -> D^ (0) (X~) 

by H£(T,S) = p r! ( 9 act*(5,r)) for T G Sph G , 5 G D*, (0) (X£). 
By A2), they commute with the Verdier duality, namely 

D(H£ (T, S) ) H£ (DT, OS) 
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They are compatible with the tensor structure on Sph G (as in [5], Section 3.2.4). For T G Sph G 
and S G D b G(0) (X™) set R G (T,S) = R G (*T,S). Here * : Sph G -> Sph G is the covariant 
equivalence of categories induced by by the map G(F) — > G(F),g h4 g~ x . The functors 

K^H£(T,S) and J PC^H ( ?(D(r),5) 

are mutually (both left and right) adjoint. 

B.2. Ind-pro systems of scheme type 

B.2.1 Now assume given an ind-pro system (YS t ) indexed by 1 as in Section B.l.l satisfying the 
properties (l)-(4) with the only difference that the maps ig a are now open immersions. 

The for each a < a' G X, in the limit one gets an open immersion i^ 1 ' : X^ } X^, and 
each X^ is a scheme (not necessarily of finite type). Since 1 is filtering, the inductive limit 
X^ = hm^g^- X^ exists, it is a scheme, which is a union of its open subschemes X^ for a G 1. 
We will say that (Yg*) is an ind-pro system of scheme type. 

Assume in addition that each fibre of the map p^a, is isomorphic to an affine space of 
dimension d((3,f3'). 

Under these assumptions, define the derived category D(X^) of etale Q^-sheaves on X^ as 
follows. The categories D(X^) are defined as in Section B.l.l, they are inductive 2-limits of 
T>(Xf) for pel . Further, D(X™) is defined as the projective 2-limit of B(X£) for a el. 

B.2.2 Assume that the group G(0) acts on each Yo via its finite-dimensional quotient G(0/t r ) 
for some r. Then as in Section B.1.2 one defines the categories D G (o)(Yg*), and T)q^(Y^) is 
the inductive 2-limit of Y>Q^(YS t ) for (3 G 1°. Further, Dq^(Y^) is defined as the projective 
2-limit of D G(0) (y°) for a el. 

The category D G (0)(Yx? x Gr G ) is defined as the inductive 2-limit of the following categories 
Bg(0)(Y£? x K/G(0)), where K/G(0) C Gr G is a closed G(C)-invariant subscheme of finite 
type (as K becomes bigger and bigger). The category Bq/q\{Y^ x K/G{0)) is defined as 
in Section B.1.2, this is an inductive 2-limit of D G(C , ) (Y 3 Q x K/G{0)) for f3 G 1°. Further, 
D G(0)( Y £ x K/G{0)) is the projective 2-limit of D G(0) (Y£ x K/G{0)) for a el. 

Let D~ (Y^) be the inductive 2-limit of D G(c , ) (y / f) for G 1°. Further, DX Q JY£) is 

defined as the projective 2-limit of D"^ ( Y^ ) for a el. Thus, if S G Dq, JY££) then over 
each open subscheme Y^ it is placed m cohomological degrees less or equal to some integer 
(depending on a). 

B.2.3 Assume each Y^ equidimensional. Assume that the action of G(0) is extended to an 
action of G(F) on Y££ in the sense of functors (on the category of fc-schemes). Assume the 
condition (A). Under this condition, one defines a functor 

9 act*(-, •) : D^ (0) (y~) x D G(G) (Gr G ) -> D^ (c) (y~ x Gr G ) (73) 

as follows. 
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First, one defines the functors t aa exactly as in Section B.1.4. They preserve boundedness 
as well as the corresponding categories D~, so we view them as a functor 

: D- (0) (F«') x B b G(0) (K/G(0)) -+ D G{0) (Y£ x (K/G(0))) 
Further, if a < a G X, a' < a' £ X assume we have a diagram 

YgxK n 

Y«xK & 4 Y£ 

Then t aa ' commutes with the functors (i^f)* for this diagram, so passing to the projective 
2-limit, one gets a functor 

t K : D^ (G) (F-) x D b G(0) (K/G(0)) -+ D^ (0) (Y~ x (K/G{0))) 

Passing further to the inductive 2-limit by K, one gets the desired functor (|73p . 
If a < a' then for the cartesian square 

Y£x{K/G(<D)) ^' ld Ygx(K/G(0)) 

4 pr I pr 

1 oo ' 1 oo 

the functors pr, : Dq^JY^ x (K/G(0))) — > D^^Y^;) commute with so passing to 

the projective limit, one gets a functor 

pr, : D^ (0) (y~ x (K/GiO)) D^ (0) (y«) 

The Hecke functors 

h£(., •) : s P h G x D^ (c) (y~) -> D^ (0) (y-) 

for T € Sph G , which is an extension by zero from K/G(0), is then defined as 

H£(T,S)=vr l (t K (S,T)) 

B.2.4 Now assume we are given two ind-pro systems of scheme type (Y^) and (3^) with a, j3 € X 
satisfying all the assumptions of Section B.2. 

Assume for each (a, /3) € X we are given a morphism ir^ : Ya* — y^ commuting with the 
actions of G{0). Passing to the limit, we get a morphism ir^ : Y™ — > y^. 

Assume each YS 1 , y^ to be smooth of pure dimension, so we may consider the functors 
(7r^)*[dim. rel(-7r^)] : D^^Q^g) — > Dq, JY^). They are compatible with the transition func- 
tors, so yield a functor 

DfaO%)^Dfa(Y£) (74) 
The proof of the following is left to a reader. 



67 



Proposition 11. Assume that ir is G(F)-equivariant. Then f7^| ) commutes with the action of 
Sph G . □ 

B.3. A functor given by a kernel 

3.1 Assume given an ind-pro system (Xp) satisfying all the assumptions of Section B.l. Let 
(Yp) be an ind-pro system of scheme type satisfying all the assumptions of Section B.2. They 
are indexed by the same set (a, 0) € X. 

Assume for each (a,/3) € X we are given a complex Kp € T> G ^(Xp x Yp ). It gives rise to 
a functor 

^:D b G{0) (X^^B b G{0) (Yp a ) (75) 
sending S to (pr 2 )i(pr^ S <g> Kg) for the diagram of projections 

G{0/f)\X^ ¥± G(0/t r )\(Xp* x Yp 01 ) ^ G(0/t r )\Y{? 

for r large enough (with respect to a,/3). The quotient here are stack quotients. 

In the only example we have the following happens. For a < a' € X and /3' < /3 G X the 
diagram is canonically 2-commutative 

D G( o)(X|) 5 D G(0) (37) D G(0) (^?) 

D G(C) (^g' ) -» D G(C) ) 

The two arrows which have no names in this diagram are the corresponding transition functors. 
The above diagram shows that in the limit by /3 the functors J-p yield a functor 

^:D G(0) (X«)^D G(0) (Y«) 

Define a functor T a : D G (o)(-XS,) -> Dc^Y^) as follows. Let S G D G ( ) For 
any a < a' G X we declare the restriction of T a (S) to Y^' to be the image of 5 under the 
composition 



The corresponding projective system is naturally an object of T)qiq\{Y^ 
Passing to the inductive limit by a Gl the functors J- a yield a functor 



- oo ) 



T:D G(0) (X«)^D G{0) (Y C 



oo \ 
oo / 



In the only example we have the functor T commutes with the action of G(F). 

An analog of Proposition [TU] would be the claim that, possibly under some additional as- 
sumptions, the functor T commutes with the action of the Hecke functors Sph G on both sides. 
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